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Abstract
The main aim of this paper is to compute the character table of G2(32n+1) Ì h i,
where  is the graph automorphism of G2(32n+1) such that the fixed-point subgroup
G2(32n+1) is the Ree group of type G2. As a consequence we explicitly construct a
perfect isometry between the principal p-blocks of G2(32n+1) and G2(32n+1)Ì h i for
prime numbers dividing q2   q + 1.
1. Introduction
In representation theory, we are interested in irreducible characters of the sim-
ple groups and of their cyclic extensions. For example, the character tables of spo-
radic groups and of their extensions by an automorphism appear in the Atlas of Finite
Groups [5]. The classification of finite simple groups illustrates the importance of the
finite groups of Lie type. Deligne-Lusztig Theory gives many methods to compute
their character tables [4]. Moreover, we explicitly know the automorphisms of these
groups; they are mainly of three types: diagram automorphisms, field automorphisms
and diagonal automorphisms [3, §12]. G. Malle studied the cyclic extensions (by a di-
agram automorphism) of some finite groups of Lie type; he interpreted the extension
as a fixed-point subgroup under a Frobenius map of a non-connected algebraic group
and used a theory of Deligne-Lusztig for non-connected reductive groups developed by
F. Digne and J. Michel [7]. More precisely Malle computed in [13] the almost char-
acters (a family of class functions introduced by Lusztig) of extensions by a diagram
automorphism of finite simple groups of type Al , Dl with l  5, and E6 (for the twisted
and untwisted cases).
Let G be a finite simple group of type B2, F4 (over a finite field of order an odd
2-power) or G2 (resp. an odd 3-power). In these cases, the exceptional symmetry of the
Dynkin diagram allows to define an automorphism  of G of order 2 (see [3, §12]).
The fixed-point subgroup G of G under  is the so-called Suzuki group, Ree group
of type G2 and Ree group of type F4 respectively. These three families of twisted
groups are still finite simple groups.
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We are interested in the character table of the cyclic extension G Ì h i of the
untwisted simple group by the automorphism defining the twisted group. Let n be a
non-negative integer; in [2] the character table of B2(22n+1) Ì h i is computed. The
main aim of the present work is to compute the character table of ˜G = G2(32n+1)Ì h i.
This paper is organized as follows: in Section 2 we recall some notations. In
Section 3 we give generalities about the conjugacy classes and the character table of
an extension of degree 2 of a finite group. We compute the conjugacy classes of ˜G in
Section 4 and its character table in Section 5. The main result of this article is:
Theorem 1.1. Let n be a non-negative integer. We set q = 32n+1 and let  be
the automorphism of order 2 of G2(q) such that its fixed-point subgroup R(q) is the
Ree group of type G2 with parameter q. Then the group G2(q)Ì h i has (q + 8) outer
classes (given in Table 2) and (2q +16) outer characters which are extensions of (q +8)
irreducible  -stable characters of G2(q). These  -stable characters are described in
Section 5 and in the equations (8), (9) and (12). The values of the outer characters
on the outer classes are given in Table 11 (with notations in Table 10).
In Section 6 we explicitly construct a perfect isometry between the principal p-blocks
of ˜G and R(q) for a prime divisor of q2   q + 1 (that is a prime number that divides
the order of G2(q) and that is prime to the index of R(q) in G2(q)). More precisely
we will prove:
Theorem 1.2. Let n be a non-negative integer; we set  = 3n and q = 32. Let
p be a prime divisor of q2   q + 1 and let (K, O, p) be a p-modular system which is
large enough for both R(q) and ˜G. Then:
– If p is a divisor of (q   3 + 1), we write q   3 + 1 = pd, where  is prime to
p. We define on Z=Z an equivalence relation by i  qi  q2i (i 2 Z=Z) and
we denote by <0 its non-zero classes. The principal p-blocks are:
B0(R(q)) = f1, 3, 5, 7, 9, 10,  k; k 2 <0g,
B0( ˜G) = f1, ˜1, " ˜5, " ˜11, " ˜12(1), " ˜12( 1), "˜a(k); k 2 <0g.
There exists a perfect isometry between B0(R(q)) and B0( ˜G) defined by:
I =
8
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
:
1 1
3  " ˜5
5 ˜1
7 7!  " ˜11
9  " ˜12( 1)
10  " ˜12(1)

 
k  "˜a(k)
.
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– If p is a divisor of (q + 3 + 1), we write q + 3 + 1 = pd, where  is prime to
p. As above, we denote by <0 the non-trivial classes modulo the equivalence relation
on Z=Z defined by i  qi  q2i (i 2 Z=Z). The principal p-blocks are:
B0(R(q)) = f1, 3, 6, 8, 9, 10, +k; k 2 <0g,
B0( ˜G) = f1, " ˜1, " ˜5, " ˜11, ˜12(1), ˜12( 1), "˜ababa(k); k 2 <0g.
There exists a perfect isometry between B0(R(q)) and B0( ˜G) defined by:
I =
8
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
:
1 1
3  " ˜5
6  " ˜1
8 7! " ˜11
9 ˜12( 1)
10 ˜12(1)

+
k  "˜ababa(k)
.
2. Notations
Let G be a connected reductive algebraic group of type G2 over F3, an alge-
braic closure of the finite field F3. For generalities on algebraic groups, we refer to
[4] or [10]. We denote by ( , ) the canonical scalar product of R2. We set 1 =
( 1=2, p3=2), 2 = (1, 0) and 3 = ( 1=2,  
p
3=2). Let
6 = fi , i    j j 1  i , j  3, i 6= jg,
be the root system of type G2 (detailed in Fig. 1). We define a = 2, b = 1   2
and we choose fa, bg as a fundamental system of roots. We denote by 6+ the set of
corresponding positive roots. Precisely, we have 6+ = fa, b, a +b, 2a +b, 3a +b, 3a +2bg.
Let r be a root, we denote by wr the reflection in the hyperplane orthogonal to r .
More precisely, for all x 2 R2 we have
wr (x) = x   2(r , x)(r , r ) r .
The Weyl group W of 6 is the group generated by all the wr (r 2 6).
For every r 2 6, let Xr = fxr (t) j t 2 F3g be the one-parameter subgroup of G
corresponding to r . The group G is generated by the xr (t) (r 2 6, t 2 F3) and we
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Fig. 1. Root system of type G2
have the commutator relations (see [3]):
(1)
xa(t)xb(u) = xb(u)xa(t)xa+b( tu)x3a+b(t3u)x2a+b( t2u)x3a+2b(t3u2),
xa(t)xa+b(u) = xa+b(u)xa(t)x2a+b(tu),
xb(t)x3a+b(u) = x3a+b(u)xb(t)x3a+2b(tu),
xa+b(t)x3a+b(u) = x3a+b(u)xa+b(t),
xa+b(t)x2a+b(u) = x2a+b(u)xa+b(t),
xa+b(t)x3a+2b(u) = x3a+2b(u)xa+b(t),
x2a+b(t)x3a+b(u) = x3a+b(u)x2a+b(t),
x2a+b(t)x3a+2b(u) = x3a+2b(u)x2a+b(t).
Let P = Z6 and let  be a homomorphism from P into the multiplicative group
F

3 . We set zi = (i ), where i = 1, 2, 3. We have z1z2z3 = 1. Furthermore, the element
h() of the Cartan subgroup associated with  will be denoted by h(z1, z2, z3). Let
 2 Hom
 
P , F

3

, r 2 6 and t 2 F3, we have
(2) h()xr (t)h() 1 = xr ((r )t).
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We set
U =
Y
r26+
Xr ,
and we denote by B = NG(U) a Borel subgroup of G. We have B = TU, where H =
fh(z1, z2, z3) j zi 2 F3, z1z2z3 = 1g is a maximal torus of G.
For every r 2 6, there exists a unique homomorphism 'r from SL2
 
F3

to G
such that
8t 2 F3, 'r

1 t
0 1

= xr (t), 'r

1 0
t 1

= x
 r (t).
We set
hr (t) = 'r

t 0
0 t 1

and nr (t) = 'r

0 t
 t 1 0

= xr (t)x r ( t 1)xr (t).
We have hr (t) = h(r ,t ), where r ,t (a) = t2(a,r )=(r ,r ). We put nr = nr (1). For r , s 2 6
and t 2 F3, we have
(3) nr xs(t)n 1r = xwtr (s)(r ,s t) and nr nsn 1r = hwr (s)(r ,s)nwr (s),
where the constants r ,s 2 f1g are given in Table 1.
Let N be the subgroup of G generated by H and nr (r 2 6). We denote by
W : N ! W the homomorphism such that ker W = H and W (nr ) = wr .
We define a permutation of the root system of G as follows: for every r 2 6,
the image r¯ of r is the root in the direction obtained by reflecting r in the line 1
(see Fig. 1). More precisely, we have
a $ b,
(a + b) $ (3a + b),
(2a + b) $ (3a + 2b).
Table 1. The constants r ,s of G2
1 2 3 1   2 2   3 3   1
1  1  1 1  1 1 1
2 1  1  1 1  1 1
3  1 1  1 1 1  1
1   2  1 1 1  1 1  1
2   3 1  1 1  1  1 1
3   1 1 1  1 1  1  1
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As in [3, §12.4], we associate to this symmetry an automorphism  of G defined
on the generators by
x
a(t) 7! xb(t3),
x
b(t) 7! xa(t),
x
(a+b)(t) 7! x(3a+b)(t3),
x
(3a+b)(t) 7! x(a+b)(t),
x
(2a+b)(t) 7! x(3a+2b)(t3),
x
(3a+2b)(t) 7! x(2a+b)(t).
We have in particular (h(z1, z2, z3)) = h
 
z2z
 1
3 , z1z
 1
2 , z3z
 1
1

, (na) = nb and (nb) = na .
For every non-negative integer m, the standard Frobenius map F3m of G is defined
on the generators by xr (t) 7! xr (t3m ) (r 2 6 and t 2 F3).
Let n be a non-negative integer and F = F3n Æ . The map F is an endomorphism
of G such that F2 = F32n+1 . That implies that F is a generalized Frobenius map. We
denote by GF (resp. GF2 ) the finite fixed-point subgroup of G under F (resp. F2).
We set q = 32n+1, R(q) = GF and G2(q) = GF2 . We have R(q)  G2(q). We de-
note by  the restriction of F to G2(q). It is an automorphism of G2(q) of order 2.
The subgroups N, B, H and U are F-stable and for all r 2 6, the subgroup Xr is
F2-stable; we set N = NF2 , B = BF2 , H = HF2 , U = UF2 and Xr = XF
2
r .
3. Generalities on extensions of degree 2
Let G be a finite group. For generalities on representation theory, we refer to
[12]. We denote by C(G) the complex space of class functions of G and Irr(G) the
set of irreducible characters of G. The set of characters (resp. generalized characters) is
denoted by N Irr(G) (resp. Z Irr(G)). We denote by Cl(G) the set of conjugacy classes
of G and CG(g) the centralizer of the element g 2 G. We denote by h , iG the usual
scalar product on C(G). Let H be a subgroup of G. If ' 2 C(G) we denote by ResGH '
the restriction of ' to H . If  2 C(H ), we denote by IndGH  the induced class function
of  from H to G.
Let  be an automorphism of order 2 of G. We set ˜G = G Ì h i and denote by
(g, x) any element of this group, where g 2 G and x 2 h i. We identify G with a
subgroup of index 2 of ˜G by g 7! (g, 1).
We are now interested in the character table of ˜G. We suppose that the conjugacy
classes and the irreducible characters of G are known. What can we deduce on the
conjugacy classes and character table of ˜G? We will see that the Clifford theory allows
to give partial answers. First, we give general results on the conjugacy classes of ˜G
and then general results on the irreducible characters.
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3.1. Conjugacy classes of ˜G. Since the group G is a normal subgroup of ˜G, a
conjugacy class of ˜G is either contained in G, or it does not contain any element of G.
We say in the first case that the class is an inner class of ˜G and in the second case,
that it is an outer class. An element (g,  ) (where g 2 G) is called outer element of
˜G. Outer classes only contain outer elements. We notice that two outer elements are
conjugate in ˜G if and only if there are conjugate in G. Moreover, for all g, g0 2 G,
we have
(4) (g,  )(g0, 1)(g,  ) 1 = (g (g0)g 1, 1).
Let c˜ be an inner class of ˜G, then c˜ is a union of classes of G. The automorphism 
permutes the classes of G and relation (4) shows that c˜ is either a single class or the
union of two classes of G. More precisely, if (g, 1) 2 c˜, we denote by c the class of
g in G. If  (g) 2 c, we have c˜ = (c, 1) and jC
˜G(g, 1)j = 2jCG(g)j. If  (g) =2 c, we
have c˜ = (c [  (c), 1) and jC
˜G(g, 1)j = jCG(g)j.
This study shows that the inner classes are entirely determined by the classes of
G. That is why the main difficulty is to characterize the outer classes. Clifford theory
allows to evaluate the number of outer classes (see [9, p.64]). We have:
Proposition 3.1. The number of  -stable classes of G is the same as the number
of outer classes of ˜G.
There is no systematic parameterization for the outer classes of ˜G. However we
will give in the following a method based on Jordan decomposition of the elements of
a finite group.
3.1.1. Preliminary result. Let p be a prime number. We say that an element
g 2 G is a p-element (resp. p-regular) if its order is a power of p (resp. prime to p).
Let g 2 G. We recall that there exists a p-regular element g1 and a p-element g2 such
that g1 and g2 commute and g = g1g2. Moreover, g1 and g2 are unique. Then g1g2
is called the p-decomposition of Jordan of g. The element g1 (resp. g2) is the p0-part
(resp. p-part) of g. We define the order of a class by the order of any element in the
class. A class is called a p-regular class if its order is prime to p. It is said a p-class
if its order is a power of p. We have:
Lemma 3.1. Let G be a finite group and p a prime number. Let x1, x2, : : : , xr be
a system of representatives of p-regular classes of G and yi ,1, yi ,2, : : : , yi ,ri a system
of representatives of p-classes of CG(xi ) (i 2 f1, : : : , rg).
1. Then the set
fxi yi , j j 1  i  r , 1  j  ri g
is a system of representatives of conjugacy classes of G.
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2. Moreover, we have:
CG(xi yi , j ) = CG(xi ) \ CG(yi , j ), i = 1, : : : , r , j = 1, : : : , ri .
3.1.2. Parameterization of outer classes of ˜G. Let us go back to our main
problem. We give a method to parameterize the conjugacy classes of ˜G:
METHOD 3.1. The outer classes of ˜G can be describe as follows:
• First, we determine representative of the  -stable classes of G with odd order.
• Then, we determine the centralizers in ˜G of these elements.
• Finally, we determine the outer classes of the 2-elements of these centralizers.
Proof. The outer classes of ˜G have even order. We apply Lemma 3.1 with p =
2. The 2-regular elements are the elements of ˜G which have odd order; in this case
they belong to G. If g is a 2-regular part of an outer element, we notice that g and
 (g) are conjugate in G. Thus g belongs to a  -stable class of G with odd order.
Furthermore, if h is such that (g, h) is a Jordan p-decomposition, then h 2 C
˜G(g, 1).
Conversely, every element with odd order in a  -stable class of G forms a Jordan’s
2-decomposition with any 2-element in his centralizer in ˜G.
REMARK 3.1. Let g be a  -stable element of G with odd order. Then CG(g) is
 -stable and we have
C
˜G(g, 1) = CG(g) Ì h i.
To finish, we give a result when the centralizer of a  -stable element with odd
order is abelian:
Lemma 3.2. Let g be a  -stable element of G with odd order such that CG(g)
is abelian. We denote by (x1,  ), : : : , (xr ,  ) a system of representatives of the outer
classes of 2-elements of CGÌh i(g, 1). Then CGÌh i(gxi ,  ) is abelian and we have
CGÌh i(gxi ,  ) = CG(g) .h(xi ,  )i.
Proof. Since g is invariant under  , we have CGÌh i(g) = CG(g) Ì h i. Thus
xi 2 CG(g). Let k 2 CG (g) . Then k(xi ,  )k 1 = (kxi k  ,  ) = (xi ,  ) because CG(g)
is abelian. This proves that CG (g) .h(xi ,  )i is abelian and that
CG(g) .h(xi ,  )i  CGÌh i(gxi ,  ).
Conversely, we have two cases:
CASE 1. If (k, 1)2CGÌh i(gxi ,  ) then k2CG(g) and (k, 1)(xi ,  ) = (xi ,  )(k, 1), i.e.
kxi = xi (k).
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Therefore, xi 2 CG (g) and  (k) 2 CG (g). Since CG(g) is abelian, it follows that k =
 (k) (i.e. k 2 CG(g) ).
CASE 2. If (k,  ) 2 CGÌh i(gxi ,  ) then we have (k,  )(g, 1) = (g, 1)(k,  )
(i.e. k (g) = gk) and k 2CG(g) (because  (g) = g). Furthermore, we have (k,  )(xi ,  ) =
(xi ,  )(k,  ), i.e. k (xi ) = xi (k). Since k,  (k), xi and  (xi ) commute, and we have
 (kx 1i ) = kx 1i .
Hence kx 1i 2 CG(g) (i.e. k 2 CG(g) xi ). Thus there exists h 2 CG(g) such that
k = hxi . Therefore, (k,  ) = (h, 1)(xi ,  ). We have proved that
CGÌh i(gxi ,  ) = CG(g) h(xi ,  )i.
Since CG(g) and h(xi ,  )i commute, we deduce that
CGÌh i(gxi ,  ) = CG (g)  h(xi ,  )i=CG (g) \ h(xi ,  )i.
3.2. Character table. Let  2 C(G). We define  2 C(G) by  (g) = ( (g))
(g 2 G). A class function  2 C(G) is called  -stable if  = . Let " be the linear
character of ˜G such that ker " = G. By Clifford theory we have (see [9, p.64]):
Proposition 3.2. Let  2 Irr(G).
– If  6=  , then Ind ˜GG() 2 Irr( ˜G). Moreover, we have
8g 2 G, Ind ˜GG()(g,  ) = 0 and Ind ˜GG()(g, 1) = (g) +  (g).
– If  =  , then Ind ˜GG() is the sum of exactly two distinct irreducible characters
of ˜G whose the restriction to G is  . Moreover, if ˜ is a constituent of Ind ˜GG(), then
we have Ind ˜GG() = ˜ + ˜".
This proposition shows that the inner characters of ˜G are all determined by the
values of the non  -stable characters of G. These characters are invariant under the
multiplication by ". Every  -stable character of G has exactly two extensions. We
obtain in this way all the irreducible characters of ˜G. Thus, to compute the character
table of ˜G it suffices to know the values of the extensions of the  -stable characters
of G on the outer classes of ˜G.
CONVENTION 3.1. Let  2 Irr( ˜G). Then  (1,  ) 2 Z. Let  be a  -stable ir-
reducible character of G such that its extensions to ˜G is non-zero on (1,  ). Then we
denote by ˜ the extension of  such that ˜ (1,  ) > 0.
We now complete Proposition 3.1. We evaluate the number of  -stable characters of
˜G (and thus the number of outer irreducible characters of ˜G); see [9, p.65]:
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Proposition 3.3 (bis). The number of  -stable irreducible characters of G is the
number of  -stable classes.
3.2.1. The  -reduction. We are interested in the following problem: suppose a
generalized character of ˜G has non-trivial values on the outer classes, is it possible to
work only on the outer classes? To answer this question, we introduce the notion of
 -reduction.
Let  and  0 be two class functions on ˜G. We set
(5) h ,  0i

=
1
jGj
X
g2G
 (g,  ) 0(g,  ).
Let  be a  -stable irreducible character of G. We denote by 

an extension of  to
˜G. The irreducible characters of ˜G are
f 2 Irr( ˜G) j  = "g [ f

, 

" j  2 Irr(G),  = g.
We decompose  in the basis of irreducible characters:
 =
X
="
a

 +
X
=

(a
 , + a ,"").
We define the  -reduction of  , denoted by ( ), by
( ) =
X
=

a
 , a ,"0
(a
 ,   a ,") +
X
=

a
 , a ,"<0
(a
 ,"   a ,)".
Lemma 3.3. Let  2 C( ˜G).
– Then, for every g 2 G, we have ( )(g,  ) =  (g,  ). Moreover, we have
h ,  
0
i

=
X
=

(a
 ,   a ,")(a 0,   a 0 ,").
– If  2 Z Irr( ˜G) (resp.  2 N Irr( ˜G)), then ( ) 2 Z Irr( ˜G) (resp. ( ) 2 N Irr( ˜G)).
Proof. We have
 =
X
="
a

 +
X
=

a
 ,"( + ") +
X
=

(a
 ,   a ,") ,
 " =
X
="
a

 +
X
=

a
 ,"( + ") +
X
=

(a
 ,   a ,")".
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Let g 2 G, then
 (g,  ) =
X
=

(a
 ,   a ,")(g,  ).
Since (

")(g,  ) =  

(g,  ), it follows that  (g,  ) = ( )(g,  ). We have
    " =
X
=

(a
 ,   a ,")(   ").
Since
h

  

", 

0
  

0
"i
˜G = 2Æ,0 ,
we deduce that
h    ",  
0
   
0
"i
˜G = 2
X
=

(a
 ,   a ,")(a 0 ,   a 0,").
Moreover, we have
h    ",  
0
   
0
"i
˜G = 2h ,  0i .
Finally, we deduce that
h ,  
0
i

=
X
=

(a
 ,   a ,")(a 0 ,   a 0,").
Proposition 3.3. Let  be a character of ˜G.
– If h , i

= 1, then () is the extension of  2 Irr(G) such that


Res ˜GG  , 

G  1 mod 2.
– If h , i

= 2, then () is the sum of exactly two distinct irreducible characters.
Moreover  2 Irr(G) is a constituent of () if and only if 
Res ˜GG  , 

G  1 mod 2.
Proof. Let  be a character of ˜G. For every  2 Irr(G), we have


Res ˜GG  , 

G = 2a ," + h , i .
Thus, if h ,i

= 1, then there exists  2 Irr(G) such that a
 , a ," = 1 and for all

0
6= , we have a
 ,
0
  a
 ,
0
"
= 0. Thus


Res ˜GG  , 

G = 2a ,"  1 and


Res ˜GG  , 0

G =
2a
 ," . We argue in a similar way if h , i = 2. Indeed, in this case, there exists 1
and 2 such that a ,1   a ,1" = 1 and a ,2   a ,2" = 1 and for all 0 6= 1, 2 we
have a
 ,
0
  a
 ,
0
"
= 0.
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3.2.2. Two lemmas. We now give two lemmas that will be useful in the con-
struction of the character table of ˜G. The first one in a consequence of Mackey’s The-
orem (see [12]) and the proof of the second one is immediate.
Lemma 3.4. Let K be a subgroup of G invariant under  . We define the sub-
group ˜K = K Ì h i of ˜G. Let ˜ 2 C( ˜K ) and  = Res ˜GG ˜. Then we have
Res ˜GG Ind
˜G
˜K
˜
 = IndGK .
Lemma 3.5 (Construction of linear characters). Let  be a  -stable linear char-
acter of G, then
˜ : ˜G ! C; (g, x) 7! (g)
is a linear character of ˜G.
4. Outer classes of G2(q) Ì h i
We return to the situation in Section 2. Let G be a connected reductive group
of type G2 over F3 with Weyl group W and n 2 N. We set q = 32n+1 and  = 3n .
We denote by F the endomorphism of G such that the fixed-point subgroup is the
Ree group R(q). Then G2(q) = GF2 is the finite group of Lie type type G2 and the
restriction  of F to G2(q) is an automorphism of order 2. We set ˜G = G2(q) Ì h i.
We use the notation of Section 2, completed by Enomoto’s [8]. The conjugacy classes
of G2(q) (resp. R(q)) are given in [8] (resp. [15]). We recall the classes of G2(q) in
Table 13.
In the general situation where G is a connected reductive group and F is a map
on G such that GF and GF2 are finite subgroups, we recall that there exists a corre-
spondence between the conjugacy classes of GF and the outer classes of GF2 Ì hFi
(the restriction of F to GF2 is denoted here by the same symbol); this is the so-called
Shintani correspondence [6]. Since the group R(q) has (q + 8) classes, it then follows
that ˜G has (q + 8) outer classes. In this section, we propose to parameterize these
classes.
4.1. The classes of R(q) and their distribution in G2(q). In [8], the conju-
gacy classes are parameterized with methods of algebraic groups. Thus, we will give
a parameterization of this type for the classes of R(q), in order to be able to give their
distribution in G2(q).
4.1.1. Semisimple classes of R(q). First, we give representatives of conjugacy
classes of maximal tori of R(q). Since the maximal torus H of G is F-stable, it fol-
lows that F induces an automorphism on W (denoted by F). We say that w, w0 in W
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are F-conjugate if w0 = xwF(x 1) for some x 2 W . This defines an equivalence rela-
tion on W ; the equivalence classes are called F-conjugacy classes of W .There are four
F-conjugacy classes in W , with representatives is 1, wa , wawbwa and wawbwawbwa .
We denote by WF this set.
In [10, §4.3.7], it is shown that there is a 1-1 correspondence between the F-classes
of W and the GF -classes of maximal tori of G. Let w 2 WF and nw 2 N such that
W (nw) = w. We denote by Tw a maximal torus of G associated to w. Then, we have
(6) T F
w

= H[w] =

t 2 H

 F(t) = n 1
w
tn
w
	
.
We set CW , F (w) = fx 2 W j x 1wF(x) = wg.
Proposition 4.1. We have:
T F1 =

h
 
z3
n+1+1
, z, z (3
n+1+2) 
 zq 1 = 1
	
,
T F
wawbwa

=

h
 
z, z (3
n+1+1)=2
, z(3
n+1
 1)=2 
 z(q+1)=2 = 1,  = 1
	
,
T F
wa

=

h
 
z, z1 3
n+1
, z3
n+1
 2 
 zq 3
n+1+1
= 1
	
,
T F
wawbwawbwa

=

h
 
z1+3
n+1
, z, z (3
n+1+2) 
 zq+3
n+1+1
= 1
	
.
Moreover, we have
CW , F (1) = f1, wawbwawbwawbg,
CW , F (wa) = f1, wawb, wawbwawb, wawbwawbwawb, wbwawbwa , wbwag,
CW , F (wawbwa) = CW , F (wa),
CW , F (wawbwawbwa) = CW , F (wa).
Proof. We have:
w n 1
w
h(z1, z2, z3)nw
wa h(z 13 , z 12 , z 11 )
wawbwa h(z1, z3, z2)
wawbwawbwa h(z 12 , z 11 , z 13 )
Then, by using (6), we compute H[1], H[wa ], H[wawbwa ] and H[wawbwawbwa ].
To compute CW , F (w) (where w 2 WF ) we use that W = hwa ,wbi and that F(wa) =
wb and F(wb) = wa .
A semisimple element s 2 G is called regular if CG(s) is a maximal torus in G.
Given a regular semisimple element s 2 GF , we say that s is of type w if s is con-
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jugate to an element of T F
w
. Note that w is unique up to F-conjugation. A class of
R(q) is of type w if it has a representative of type w
Proposition 4.2. The classes of semisimple elements of R(q) are given as fol-
lows:
• (1=2)(q   3) regular semisimple conjugacy classes of type 1.
• (1=6)(q   3) regular semisimple conjugacy classes of type wawbwa .
• (1=6)(q   3n+1) regular semisimple conjugacy classes of type wa .
• (1=6)(q + 3n+1) regular semisimple conjugacy classes of type wawbwawbwa .
• The class with representative J = h(1,  1,  1).
• The class of identity.
Proof. Let w 2 WF . Let g 2 R(q) be a regular semisimple element of type w.
Since g is semisimple, there exists a maximal torus T of G containing g, such that
F(T) = T. Since g is regular, it follows that CG(g) = T. Thus T is the unique maximal
torus of G containing g. Moreover T and T
w
are conjugate by an element of R(q).
Then, g is conjugate in R(q) to a unique element of T F
w
. Moreover, two elements
of T F
w
are conjugate in R(q) if and only if they are conjugate in NG(Tw)F . Indeed,
let h, h0 2 T F
w
and g 2 R(q) such that h0 = ghg 1. Then CG(h0) = gCG(h)g 1, that
is T
w
= gT
w
g 1. It follows that g 2 NG(Tw). Since g 2 R(q), then g 2 NG(Tw)F .
Assume now that there exists g, g0 2 NG(Tw)F and h 2 T F
w
such that ghg 1 = g0hg0 1.
Then g0 1g 2 CG(h) = Tw. Since g, g0 2 R(q), we then have g = g0T F
w
. It follows that
two elements of T F
w
are conjugate in R(q) if and only if they are in the same orbit
for the action of NG(Tw)F=T F
w
on T F
w
. We have NG(Tw)F=T F
w

= CW , F (w) (see [10,
§4.3.7]) and T F
w

= H[w] (in G). The group CW , F (w) acts on H[w]; in [10, §4.3.7], it
is proved that two elements of T F
w
are in the same NG(Tw)F=T F
w
-orbit if and only if
their conjugate in H[w] are in the same CW , F (w)-orbit. Proposition 4.1 gives the result.
There are two other semisimple classes in R(q), which have 1 and J = h(1,  1,  1)
as representatives. By using [15], we see that jCR(q)(J )j = q(q   1)(q + 1).
4.1.2. Unipotent classes of R(q). For every t , u, v 2 Fq , we set
(t) = xa(t )xb(t)xa+b(t+1)x2a+b(t2+1),
(u) = xa+b(u )x3a+b(u),
 (v) = x2a+b(v )x3a+2b(v).
We have (see [3, Prop. 13.6.4]):
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Proposition 4.3. Every element of U = UF is uniquely written in the form
(t)(u) (v) (t , u, v in Fq ) Moreover, we have the relations:
(7)
(u)(v) = (u + v)( uv3 ) ( u2v3 + uv3+1),
(u)(v) = (v)(u) ( uv),
(u)(v) = (u + v),
 (u)(v) = (v) (u),
 (u)(v) = (v) (u),
 (u) (v) =  (u + v).
We then have:
Lemma 4.1. We have:
(t) 1 = ( t)( t3+1) (t3+2),
(t) 1 = ( t),
 (t) 1 =  ( t),
(v) 1(u)(v) = (u)(vu3   uv3 ) ( v2u3   u2v3   uv3+1   vu3+1).
Moreover, for every h(z) = h(z3+1, z, z (3+2)) 2 HF = H , we have
8u, v, w, z 2 Fq , h(z)(u)(v) (w)h(z) 1 = (uz3 )(vz3+3) (wz6+3).
Proof. This is consequence of the relations (7). We only prove
(v) 1(u)(v)
= (v) 1(u + v)( uv3 ) ( u2v3 + uv3+1)
= ( v)( v3+1) (v3+2)(u + v)( uv3 ) ( u2v3 + uv3+1)
= ( v)(u + v)( uv3   v3+1) ( u2v3 + uv3+1 + v3+2 + v3+1(u + v))
= (u)(v(u + v)3 ) ( v2(u + v)3   v(u + v)3+1)
 ( uv3   v3+1) ( u2v3 + uv3+1 + v3+2 + v3+1(u + v))
= (u)( uv3   v3+1 + v(u + v)3 )
  ( u2v3 + uv3+1 + v3+2 + v3+1(u + v)  v2(u + v)3   v(u + v)3+1)
= (u)( uv3 + vu3 ) ( u2v3   v2u3   uv3+1   vu3+1).
We set E = ft3   t j t 2 Fqg. Then E is an additive subgroup of Fq . We denote
by E : Fq ! Fq=E the homomorphism such that ker E = E . Let  2 Fq such that
E ( ) = 1.
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Proposition 4.4. The elements  (1), (1), ( 1), (1), (1)( ) and (1)(  )
are representatives of the unipotent classes of R(q).
Proof. Using the Bruhat decomposition (see [3, p.117]) we prove that two ele-
ments in U are conjugate in R(q) if and only if they are conjugate in B . Moreover
if u 2 U , then CR(q)(u) is contained in B . Consequently it is sufficient to deter-
mine the conjugacy classes of elements of U in B . Then, using the Lemma 4.1 and
the fact that U is normal in B , we first prove that the elements 1,  (1), (1) and
( 1) are not conjugate. Moreover, if u 6= 0 we prove that (u)(v) (w) (v, w 2 Fq )
is conjugate to (1)(E (v)) and the result follows.
REMARK 4.1. The three classes of R(q) parameterized in [15] by Y , Y T and
Y T 1 are the same as the classes in this paper with representatives (1), (1)( )
and (1)(  ). But we do not a priori make the identification between these two
parameterizations.
4.1.3. Conjugacy classes of R(q). Now, we give the conjugacy classes of the
Ree group.
Theorem 4.1. The Ree group R(q) has (q + 8) conjugacy classes. The represen-
tatives of the non trivial classes are
• The representatives of classes of type w (with w 2 WF ) with centralizer of or-
der

T F
w


.
• The element J = h(1,  1,  1) with centralizer of order q(q   1)(q + 1).
• The element  (1) with centralizer UF = U of order q3.
• The elements (1) and ( 1) with centralizer (of order 2q2):
hJ ih(t),  (u) j t , u 2 Fqi.
• The elements (1), (1)( ) and (1)(  ) with respective centralizer (of order 3q):
h(1)i0, h(1)( )i0 and h(1)(  )i0,
where 0 = h (t), t 2 Fqi.
• The elements (1)J and ( 1)J with centralizer (of order 2q):
hJ ih(t), t 2 Fqi.
Proof. In [15] it is proved that R(q) has (q +8) classes. It is then sufficient to find
(q + 8) elements that are not conjugate. Proposition 4.2 gives (q   2) elements. Using
Proposition 4.4, we obtain 6 new elements. These elements have odd order. We find
easily their centralizer. Only the centralizers of (1) and ( 1) have even order, and
J is a representative of the only 2-semisimple class of this group. By Proposition 3.1,
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we obtain two new classes of R(q), with representatives (1)J and ( 1)J . The trivial
class gives one more class, thus there is one class missing, with representative J .
4.1.4. Distribution of the classes of R(q) in G2(q). We use the notation of Ta-
ble 13. We set h0 = h( 1, 1,  1). We have:
Proposition 4.5. The elements (1) and ( 1) (resp. (1)J and ( 1)J ) belong
in the class A42 of G2(q) (resp. in B5); see Table 13 for the notations. The other
representatives of classes of R(q) are not conjugate in G2(q).
Proof. By using Table 13, we show that the elements of type w (w 2 WF ) and the
elements 1, J and  (1) lie in different classes of G2(q). Moreover, we have h0(1)h 10 =
( 1) and h0(1)Jh 10 = ( 1)J . By using the Chevalley relations (1), we show that
for every u, v, w, t 2 Fq , the element xa(1)xb(1)xa+b(u)x3a+b(v)x2a+b(w)x3a+2b(t) is con-
jugate in G2(q) to
xa(1)xb(1)x3a+b(E (u + v)).
Therefore, we have
(1) = xa(1)xb(1)xa+b(1)x2a+b(1),
(1)( ) = xa(1)xb(1)xa+b(1 +   )x3a+b( )x2a+b(1),
(1)(  ) = xa(1)xb(1)xa+b(1    )x3a+b(  )x2a+b(1).
Moreover, we have


= ( +  3 +    +  =3)3   ( +  3 +    +  =3) +  .
Then, we have E (  ) = E ( ). It follows that E ( +   + 1) = E (1) 1 and E (   

 + 1) = E (1) + 1. The result is proved.
4.2. Maximal  -stable torus of G2(q) of order (q + 1)2. In this section, we
construct a maximal  -stable torus of order (q + 1)2, which is contained in CG2(q)(J ).
We use the same notation as previously. We have
CG2(q)(J ) = hH , X(a+b), X(3a+b)i.
Let r 2 fa + b, 3a + bg. We set Sr = hX r , Xr i and L = Sa+b S3a+b. For every x , y, z,
t in Fq such that xz   yt = 1, we set
'r (x , y, z, t) = 'r

x y
t z

.
We set (r ) = 1 if r is short and (r ) = 3 if r is long.
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Proposition 4.6. We have:
1. The groups Sa+b and S3a+b commute. Then the set L is a subgroup of CG2(q)(J ).
2. Let r 2 fa + b, 3a + bg and x , y, z, t 2 Fq . We have the relations:
'r (x , y, z, t) = xr ((x   1)t 1)x r (t)xr ((z   1)t 1) if t 6= 0.
'r (x , y, z, t) = x r ((z   1)y 1)xr (y)x r ((x   1)y 1) if y 6= 0.
'r (x , 0, x 1, 0) = hr (x).
3. Moreover, if  2 P and r , s 2 fa + b, 3a + bg, then we have the relations:
h()'r (x , y, z, t)h() 1 = 'r (x , (r )y, z, (r ) 1t),
nr'r (x , y, z, t)n 1r = 'r (z,  t , x ,  y),
ns'r (x , y, z, t)n 1s = 'r (x , y, z, t) if s 6= r .
4. Finally, if r 2 fa + b, 3a + bg, we have
'r (x , y, z, t) = 'r¯ (x(r¯ ) , y(r¯ ) , z(r¯ ) , t(r¯ ) ).
Proof. This is the a consequence of the relations (1), (2) and (3).
Since q is odd, every generator  of Fq is not a square in Fq . Let
p
 2 Fq2 be
a square root of . Thus we have the identification:
K

=

x y
y x

$  = x + y
p
,
where x and y are in Fq such that x2 y2 = 1. It follows that K is a cyclic subgroup
of SL2(Fq ) with order q + 1.
Let  be a generator of Fq . We fix
p
 a square root of  in Fq2 . Since (q   1)
is prime to 3, it follows that  3 is a generator of Fq and (
p
 )3 is a square root of

3
. Let x , y 2 Fq such that x2    y2 = 1. We set ta+b(x , y) = 'a+b(x ,  y, x , y) and
t3a+b(x , y) = '3a+b(x ,  3 y, x , y). By using the Proposition 4.6, we show:
Lemma 4.2. We have
tr (x , y) 1 = tr (x ,  y),
h()tr (x , y)h() 1 = tr (x , (r )y),
tr (x , y) = tr¯ (x(r¯ ) , y(r¯ ) ).
We set
Ta+b = 'a+b(K ),
T3a+b = '3a+b(K

3 ).
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The subgroup T = Ta+bT3a+b of CG2(q)(J ) is abelian and Ta+b \ T3a+b = f1, J g. Thus it
follows that jT j = (1=2)(q + 1)2.
We set T

= fta+b(x , y)t3a+b(x3 , y3 ) j x , y 2 Fq x2   y2 = 1g. Let x0 2 T with
a non-trivial odd order (such an element exists when q > 3. In the case where q = 3,
G2(q) has no tori of order (q + 1)2). We set H 0 = CG2(q)(x0).
Proposition 4.7. We have:
• The set T

is an abelian subgroup of R(q) of order (1=2)(q + 1).
• The element x0 lies in R(q) and is a semisimple regular element of type wawbwa .
• The subgroup H 0 is a maximal  -stable torus of G2(q) of order (q + 1)2, which is
contained in CG2(q)(J ).
Proof. Obviously, T

is an abelian subgroup of order (1=2)(q + 1) and we have
T

 R(q). Thus x0 2 R(q). Comparing the order of x0 and the order of elements in
Theorem 4.1, we see that x0 is a semisimple regular element of type wawbwa . Thus,
using Table 13, we see that semisimple regular elements of non-trivial odd order di-
viding (q + 1) have a maximal torus of G2(q) of order (q + 1)2 as centralizer. Since
 (x0) = x0, it follows that H 0 is  -stable. Moreover, since x0 2 CG2(q)(J ), it follows
that J 2 H 0. But H 0 is abelian, then every elements of H 0 commute with J . Thus,
H 0  CG2(q)(J ).
We now will describe explicitly H 0. The elements  1 and  1 are not square in Fq .
It follows that   1 is a square. Then there exists a0 2 Fq such that a20 =  1, and
we have a60  3 =  1. We set
A0 =

1   a0
a0  1

and B0 =

1   3a30
a30  1

.
We have det(A0) = det(B0) = 1. We define the element  by
 = h( 1, 1,  1)'a+b(A0)'3a+b(B0).
Let  = x

+ y

p
 be a generator of K

and ta+b(x , y ) its corresponding element in
Ta+b. Then ta+b(x , y ) (resp.  (ta+b(x , y ))) is a generator of Ta+b (resp. T3a+b). We
set ga+b = ta+b(x , y )4, g3a+b = t3a+b
 
x3

, y3

4
and  0 = t3a+b
 
x3

, y3

(q+1)=4
.
Proposition 4.8. We have
H 0 = hga+bi  h 0g3a+bi.
Moreover we have  ( ) = h( 1,  1, 1)'a+b(A0)'3a+b(B0) = J . The  -stable elements
of H 0 of odd order form a cyclic subgroup of order (1=4)(q + 1) generated by ga+bg3a+b
and denoted by H 0

.
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Proof. Since the elements of T commute with x0, it follows that T is a subgroup
of H 0 with index 2. The element  is not in T , and commutes with the elements of
T . Moreover the order of  is 4 and  2 6= J . We then have proved the result.
4.3. The  -stable classes of G2(q). We recall that the classes of G2(q) are given
in Table 13. We set X =  (1) and T = (1). Using Proposition 4.1, we see that (1),
(1)( ) and (1)(  ) are not conjugate in G2(q). Their distribution in the classes
of G2(q) depends on the value of n modulo 3. In the following, we denote by Y1,
Y2 and Y3 a permutation of these elements such that Y1 (resp. Y2 and Y3) belongs to
A51 (resp. A52 and A53). We denote by H 00 a maximal  -stable torus of G of order
(q2   q + 1).
Proposition 4.9. The group G2(q) has (q + 8)  -stable classes. More precisely:
• The classes with the  -stable representatives 1, X , T , Y1, Y2, Y3, J and J T .
• The classes A41 and B4 (without  -stable representatives).
• The (1=2)(q   3) classes with  -stable representative x (of type 1) in H and such
that CG2(q)(x) = H .
• The (1=6)(q   3) classes with  -stable representative x (of type wawbwa) in H 0
and such that CG(x) = H 0.
• The (1=3)q classes with  -stable representative x (of type wa or wawbwawbwa)
in H 00 and such that CG(x) = H 00.
Proof. Using Proposition 3.1, Shintani correspondence and Proposition 4.1, we
show that G2(q) has (q + 8)  -stable classes. Proposition 4.5 gives (q + 6)  -stable
representatives of G2(q). We obtain the two classes without  -stable representatives
by using Table 13).
REMARK 4.2. The fact that G2(q) has  -stable classes wihout  -stable elements
does not contradict Lang’s theorem. Indeed, let C be the class in G which contains
A41 (this is similar to B4). Then C is F-stable. Lang’s theorem only says that C has
F-stable elements. It follows that C F2 = A41 [ A42 has F-stable elements. This is
indeed the case: (1) 2 C F2 \ R(q). But Lang’s theorem does not say that A41 and
A42 have F-stable elements. In Proposition 4.5, we prove that Cl(( 1))  A42 and
Cl((1))  A42. Thus C F = Cl(( 1))[Cl((1))  A42. Then, it follows that A41 has
no F-stable elements.
We denote by L1 and Laba a system of representatives of odd order of classes of type
1 and wawbwa given in Proposition 4.9. We denote by La and Lababa systems of rep-
resentatives of classes of type wa and wawbwawbwa . We have:
jL1j =
q   3
4
, jLaba j =
q   3
24
, jLaj =
q   3
6
and jLababa j =
q + 3
6
.
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We set  = xa+b(1)x3a+b( 1). Consequently, we have:
Corollary 4.1. The elements of L1, La , Laba , Lababa and 1, X , T , Y1, Y2, Y3
and  form a system of representatives of classes of G2(q) of odd order.
4.4. Outer classes of G2(q)Ìh i. We now can give the outer classes of ˜G. We
keep the same notation as the preceding sections.
Theorem 4.2. We set S = C
˜G(h0,  ). Let H0 (resp. T 00) be the subgroup of H
(resp. H 0) whose elements have odd order. Let x 2 f 2, J , J 2g. We set Hx = hT 00 , xi.
Moreover, we set
Ca+b,2a+b = Xa+b X3a+b X2a+b X3a+2b,
C 0a+b,2a+b = fxa+b( u)x3a+b( u3 )x2a+b( t)x3a+2b(t3 ) j u, t 2 Fqg,
Sa+b,3a+b = fxa+b(t)x3a+b( t3 ) j t 2 Fqg,
Sa,b = fx2a+b(t)x3a+b(t3 ) j t 2 Fqg.
Then Table 2 gives representatives for the outer classes of ˜G and their centralizers.
Proof. We essentially apply the method of Method 3.1. The  -stable representa-
tives with odd order are given in Corollary 4.1. If g 2 fX , Y1, Y2, Y3g[La[Lababa , then
CG2(q)(g) has odd order. Then C ˜G(g) has only one 2-unipotent class with representative
 . Let h 2 L1. Then C ˜G(h) = H Ì h i. This group has two 2-unipotent outer classes
with representatives  and (h0,  ). Let h 2 Laba . Then C ˜G(h) = H 0 Ì h i. Representa-
tives of 2-unipotent outer classes of this group are  , ( ,  ), ( 0,  ) and ( 0,  ) (we
use results of Section 4.2). We have CG(T ) = Ca+b,2a+b.hJ i. Outer 2-unipotent repre-
sentatives of this group are (1,  ) and (J ,  ). Finally, C
˜G() = Ca+b,2a+b Ì h(h0,  )i.
Outer 2-unipotent representatives of this group are (h0,  ) and (Jh0,  ). We obtain in
this way (q + 6) outer classes of ˜G. Moreover, by using Shintani correspondence, we
know that ˜G has (q + 8) outer classes. Elements  and (h0,  ) are 2-unipotent and not
conjugate in ˜G. We then obtain representatives of outer classes of ˜G. To compute the
centralizer of these elements, we use Lemma 3.2.
5. Outer characters of G2(q) Ì h i
We keep the notation of Section 4. We propose in this section to compute the
character table of ˜G. In Section 3, we have seen that it is sufficient to determine the
values of the outer characters on the outer classes of ˜G. The character table of G2(q)
(resp. R(q)) is given in Table 14 (resp. in Table 15). The subgroups B, H 0 and R(q)
are  -stable. By inducing the characters of ˜B = B Ì h i and R(q)h i, we obtain the
majority of irreducible outer characters of ˜G. We use modular methods to complement
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Table 2. Outer classes of ˜G
Class Representative Number Centralizer Order of Centralizer
C1 (1,  ) 1 Rh i 2q3(q2 1)(q2 q +1)
C2 (h0,  ) 1 S 2q(q2 1)
D1 (X ,  ) 1 Uh i 2q3
D21 (T ,  ) 1 Ca+b,3a+b.hJ ih i 4q2
D22 (T 1,  ) 1 C 0a+b,3a+b.hJ ih i 4q2
D31 (h0,  ) 1 Sa+b,3a+bh(h0,  )i 4q
D32 ( 1h0,  ) 1 Sa+b,3a+bh(Jh0,  )i 4q
D41 (Y1,  ) 1 hY1iSa,bh i 6q
D42 (Y2,  ) 1 hY2iSa,bh i 6q
D43 (Y3,  ) 1 hY3iSa,bh i 6q
E1(h) (h,  ) h2 L1 q 34 H

h i 2(q 1)
E2(h) (hh0,  ) h2 L1 q 34 H

0 h(h0,  )i 2(q 1)
F1(h) (h,  ) h2 Laba q 324 T
F
!a!b!a
h i 2(q +1)
F2(h) (h ,  ) h2 Laba q 324 H 2h( ,  )i 2(q +1)
F3(h) (h 0,  ) h2 Laba q 324 HJh(
0
,  )i 2(q +1)
F4(h) (h 0,  ) h2 Laba q 324 HJ 2h(
0
,  )i 2(q +1)
G1(h) (h,  ) h2 La q 36 T
F
!a
h i 2(q 3+1)
H1(h) (h,  ) h2 Lababa q +36 T
F
!a!b!a!b!a
h i 2(q +3+1)
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the missing values of one character, and we can then obtain all the missing irreducible
characters of ˜G by inducing the irreducible characters of H 0 Ì h i.
By Proposition 3.1 there are (q + 8)  -stable characters. We use the notation of
appendix. Using the character table of G2(q), we prove that 1, 1, 2, 5, 6, 7, 10,
11, 12(1) and 12( 1) are  -stable. Moreover (1=2)(q   3) (resp. (1=6)(q   3) and
(1=6)q)  -stable characters belong to the families 9 (resp. 12 and 14). The notations
will be specified in relations (8), (9) and (12).
5.1. Some irreducible characters obtained by induction from ˜B. The classes
of B are given in [8, p.206].
Proposition 5.1. We set ˜B = BÌh i; the group ˜B has (q +7) outer classes, given
in Table 3. Moreover, in Table 4 we give the induction formula from ˜B to ˜G.
Proof. Using [8], we prove that B has (q + 7)  -stable classes. Thus, Lemma 3.1
implies that ˜B has (q + 7) outer classes. By using a similar method as in §4.4, we
obtain representatives of outer classes of ˜B and their distribution in classes of ˜G. Then
we immediately deduce the induction formula.
We set
(8) k = 9(k, (3   1)k).
We denote by E0 the set f1, : : : , (1=2)(q   3)g.
Proposition 5.2. Extensions of k (k 2 E0) are obtained from the induction of
the linear characters of ˜B. The values of ˜k are given in Table 11.
Proof. Since U is  -stable, it follows that UC ˜B. Let U be the projection from
˜B to ˜B=U . The quotient is isomorphic to H Ì h i. Let  be a linear character of
H Ì h i. Then  ÆU is a linear character of ˜B. Irreducible characters of H Ì h i are
parameterized by k,l (k, l 2 Z=(q   1)Z). The values are given by
k,l (h( i ,  j ,  i  j )) =  ik+ jl0 .
We have k,l = k,l if and only if 
3n (2 j+i )k+3n (i  j )l
0 = 
ik+ jl
0 if and only if

3n(k + l) = k
3n(2k   l) = l .
Then, we deduce that  -stable characters of H are the k,(3n+1 1)k , where k 2 Z=(q  1)Z.
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Table 3. Outer classes of ˜B
Class reprsentative Number Order centraliser
c1 (1,  ) 1 2q3(q   1)
c2 (h0,  ) 1 2q(q   1)
d1 (x2a+b(1)x3a+2b(1),  ) 1 2q3
d21 (xa+b(1)x3a+b(1),  ) 1 4q2
d22 (xa+b(1)x3a+b(1)J ,  ) 1 4q2
d31 (xa+b(1)x3a+b( 1)h0,  ) 1 4q
d32 (xa+b(1)x3a+b( 1)Jh0,  ) 1 4q
d41 (xa(1)xb(1)u0,  ) 1 6q
d42 (xa(1)xb(1)x3a+b( )u1,  ) 1 6q
d43 (xa(1)xb(1)x3a+b(  )u2,  ) 1 6q
e11(h) (h,  ) h 2 L1 14(q   3) 2(q   1)
e12(h) (h 1,  ) h 2 L1 14(q   3) 2(q   1)
e21(h) (hh0,  ) h 2 L1 14(q   3) 2(q   1)
e22(h) (h 1h0,  )h 2 L1 14(q   3) 2(q   1)
Table 4. Induction formula for the outer classes of ˜B to ˜G
Ind ˜G
˜B (C1) = (q3 + 1)(c1)
Ind ˜G
˜B (C2) = (q + 1)(c2)
Ind ˜G
˜B (D1) = (d1)
Ind ˜G
˜B (D21) = (d21)
Ind ˜G
˜B (D22) = (d22)
Ind ˜G
˜B (D31) = (d31)
Ind ˜G
˜B (D32) = (d32)
Ind ˜G
˜B (D41) = (d41)
Ind ˜G
˜B (D42) = (d42)
Ind ˜G
˜B (D43) = (d43)
Ind ˜G
˜B (E1(h)) = (e11(h)) + (e12(h))
Ind ˜G
˜B (E2(h)) = (e21(h)) + (e22(h))
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By Lemma 3.5, we construct (q 1) irreducible outer characters ˜k,(3n+1 1)k of H Ìh i.
We denote by
k = ˜k,(3n+1 1)k Æ U ,
the (q   1) linear characters of ˜B. We denote by h

a generator of H . The set of
 -stable elements of H with odd order is hh2

i. For every i 2 Z=(q   1)Z and  = 1,
we have
k(h2i

h0,  ) =  (2i (3
n+1+1)+(q+1)=2)k+2ik(3n+1 1)
0
= ( 1)k 3n+14ik0 .
Moreover, since 3n+1   1 is even, we have k(J ) =  (3
n+1
 1)k(q 1)=2
0 = 1. Thus, if k =2
f0, (q   1)=2g, we deduce from Lemma 3.4 that Res ˜GG2(q) Ind
˜G
˜B k = Ind
G2(q)
B k is ir-
reducible. It follows that Ind ˜G
˜B k is irreducible. However
IndG2(q)B k = 9(k, (3n+1   1)k).
Moreover, we have ˜k = ˜ k . Thus we obtain (1=2)(q   3) outer irreducible character
of ˜G.
Proposition 5.3. We have 
 
Ind ˜G
˜B 0

= 1 + ˜5. The outer values of ˜5 are given
in Table 11. Moreover, 
 
Ind ˜G
˜B (q 1)=2

is the sum of one extension of 6 and 7.
Proof. Using Table 4, we compute the induction to ˜G of 0 and (q 1)=2. The
values are given in Table 5. We have


Ind ˜G
˜B 0, Ind
˜G
˜B 0


= 2.
Since


Ind ˜G
˜B 0, 1

˜G = 1 and


Res ˜GG2(q) Ind
˜G
˜B 0, 5

G2(q) = 1 are odd, we deduce from Proposi-
tion 3.3 that 
 
Ind ˜G
˜B0 1

is irreducible. Since its value on (1, ) is q3, it follows that it is
˜
5. We have


Ind ˜G
˜B (q 1)=2, Ind
˜G
˜B (q 1)=2


= 2. Moreover,


Res ˜GG2(q) Ind
˜G
˜B (q 1)=2, 6

G2(q)
and


Res ˜GG2(q) Ind
˜G
˜B (q 1)=2, 7

G2(q) are odd. Then, we deduce that Ind
˜G
˜B (q 1)=2 is the
sum of one extension of 6 and 7.
5.2. Some irreducible characters obtained by induction from ˜R(q). Note that
˜R(q) = R(q)  h i is a direct product. We immediately deduce its character table by
using the Table 15. We have:
Proposition 5.4. Induction’s formula from ˜R(q) to ˜G are given in Table 6.
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Table 5. Induction of 0 and (q 1)=2
C1 C2 D1 D21 D22 D31
Ind ˜G
˜B 0 (q3 + 1) (q + 1) 1 1 1 1
Ind ˜G
˜B (q 1)=2 (q3 + 1)  (q + 1) 1 1 1  1
D32 D41 D42 D43 E1(hi ) E2(hi )
Ind ˜G
˜B 0 1 1 1 1 2 2
Ind ˜G
˜B (q 1)=2  1 1 1 1 2  2
Table 6. Induction’s formula of ˜R(q)
Ind ˜G
˜R(q) (C1) = (1) + q2(q2   q + 1)(J )
Ind ˜G
˜R(q) (D1) = ( (1))
Ind ˜G
˜R(q) (D21) = ((1)) + q(( 1)J )
Ind ˜G
˜R(q) (D22) = (( 1)) + q((1)J )
Ind ˜G
˜R(q) (A51) = (Y1)
Ind ˜G
˜R(q) (A52) = (Y2)
Ind ˜G
˜R(q) (A51) = (Y3)
Ind ˜G
˜R(q) (E1(h)) = (h) + (h J ), h 2 L1
Ind ˜G
˜R(q) (F1(h)) = (h) + (h J ) + (h 2) + (h J 2), h 2 Laba
Ind ˜G
˜R(q) (G1(h)) = (h), h 2 La
Ind ˜G
˜R(q) (H1(h)) = (h), h 2 Lababa
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Proof. In Theorem 4.1, we have computed the classes of R(q) and their distribu-
tion in G2(q) (see Proposition 4.5). We obtain by Proposition 4.5 the distribution of
the outer classes of ˜R(q). Then, we deduce the induction formula.
We denote by E1 (resp. E2) the non zero equivalence classes of Z=(q   3 + 1)Z
(resp. Z=(q +3 +1)Z) given by i  j , i = j , i =q j or i =q2 j . In the following,
we denote by
(9)
8k 2 E1, a,k = 14((q + 3 + 1)k),
8k 2 E2, ababa,k = 14((q   3 + 1)k).
The characters a,k (k 2 E1) and ababa,k (k 2 E2) are  -stable characters of G2(q).
We set 3 =  (q+3+1)
2
0 and 4 = 
(q 3+1)2
0 . The notation in the Table 15 is chosen
such that the primitive root of unity with order (q   3 + 1) (resp. (q + 3 + 1)) is 3
(resp. 4). To simplify notations, the induced character from ˜R(q) to ˜G of a character
 2 Irr
 
˜R(q) will be always denoted by  .
Proposition 5.5. Characters (9), (10), ( k ) (k 2 E1) and (+k ) (k 2 E2)
are irreducible extensions of 12(1), 12( 1), a,k and ababa,k respectively. The val-
ues of these characters on outer elements are given in Table 11. Moreover (1 + 2),
(3 + 4), (5 + 6) and (7 + 8) have two constituents.
Proof. We have
h1 + 2, 1 + 2i = 2,
h3 + 4, 3 + 4i = 2,
h5 + 6, 5 + 6i = 2,
h7 + 8, 7 + 8i = 2,
h9, 9, i = 1,
h10, 10i = 1,
h
 
k , 
 
k i = 1,
h
+
k , 
+
k i = 1.
Thus, we deduce Proposition 3.3 that the characters (1 + 2), (3 + 4), (5 + 6)
and (7 + 8) are sums of two irreducible characters and that (9), (10), ( k ) and
(+k ) are irreducible. Moreover, we have


Res ˜GG2(q) 9, 12(1)

G2(q) =   1 mod 2,


Res ˜GG2(q) 10, 12( 1)

G2(q) =   1 mod 2,
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Res ˜GG2(q) 
 
k , a(k)

G2(q) = 9
4 + 93 + 92 + 6 + 2  1 mod 2,


Res ˜GG2(q) 
+
k , ababa(k)

G2(q) = 9
4
  93 + 92   6 + 2  1 mod 2.
We conclude that (9), (10), ( k ) and (+k ) are irreducible extensions of 12(1),
12( 1), a(k) and ababa(k) respectively. Precisely, since (9)(1,  ) = (10)(1,  ) =
q3 +1 > 0, ( k )(1,  ) = (q 1)(q +3 +1) > 0 and ( k )(1,  ) = (q 1)(q 3 +1) > 0,
we deduce that ˜12(1) = (9), ˜12( 1) = (10), ˜a(k) = ( k ) and ˜ababa(k) = (+k ).
Now, we decompose (1 + 2), (3 + 4) and (5 + 6)
Constituents of (1 + 2):
h1 + 2, 1iGÌh i = 1,


Res ˜GG2(q)(1 + 2), 6

G2(q) = 1.
We deduce from Proposition 3.3 that (1 + 2) is the sum of the trivial character and
an extension of 6. The values of this extension on the outer classes are the same as
the one of 1 + 2 1. In particular the value on (1,  ) is q2 q + 1 > 0, this extension
is ˜6. The values are given in Table 11.
Constituents of (3 + 4):


Res ˜GG2(q)(3 + 4), 5

G2(q) = 18
4 + 32 + 2  1 mod 2,


Res ˜GG2(q)(3 + 4), 7

G2(q) = 18
4 + 32 + 6  1 mod 2.
Thus (3 + 4) is the sum of an extension of 5 and an extension of 7. However,
we have


3 + 4, ˜5

GÌh i = 1.
The values of the extension of 7 on the outer classes are the same as 3 + 4   ˜5.
Since the value on (1,  ) is q(q2   q + 1) > 0, we deduce that this extension is ˜7.
The values are given in Table 11.
Constituents of (5 + 6) and of (7 + 8):


Res ˜GG2(q)(5 + 6), 1

G2(q) =   1 mod 2,


Res ˜GG2(q)(5 + 6), 10

G2(q) =   1 mod 2,


Res ˜GG2(q)(7 + 8), 1

G2(q) =   1 mod 2,
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Res ˜GG2(q)(7 + 8), 10

G2(q) =   1 mod 2,
h5 + 6, 7 + 8i = 0.
Thus, (5 + 6) and (7 + 8) are sums of an extension of 1 and of 10 and they have
a common constituent, indeed
h(5 + 6), (7 + 8)iGÌh i = 12


Res ˜GG2(q) (5 + 6), Res
˜G
G2(q) (7 + 8)

G2(q)
+
1
2
h5 + 6, 7 + 8i
= 1.
Let  be the common constituent and  be another one. We suppose that
(5 + 6) =  +  ,
(7 + 8) =  + ".
Thus (5 + 6) + (7 + 8) has the same values as 2 on the outer classes. We obtain
in this way the values of  on the outer classes. We then deduce the values of  on
the outer classes. We give the values of  and  in Table 7.
We know the values of two new extensions, but we don’t know if  is an exten-
sion of 1 or 10. We will show in the section 5.4 that  is an extension of 1 and 
of 10. Before, by inducing irreducible characters of C ˜G(h0,  ), we obtain the values
of the extensions of 2.
5.3. Induction from C
˜G(h0, ). For every t2Fq , we set (t)=xa+b(t)x3a+b( t3 ).
We have established that
C
˜G(h0,  ) = Sa+b,3a+b  h(h0,  )i,
where Sa+b,3a+b = f(t) j t 2 Fqg.
The group Sa+b,3a+b is abelian and isomorphic to the additive group (Fq , +) by t 7!
(t). It follows that C
˜G((1)h0,  ) is abelian of order 4q and it is easy to compute
these irreducible characters, which have the form ' = 0, where  is a linear character
of Fq and 0 a linear character of the cyclic group of 4 elements. The elements (t)
(t 6= 0) are conjugate in G2(q) to (1) y h(t) = h(t 1, t (1 3)=2, t (3+1)=2). Thus, we
Table 7. Values of  and 
(1,  ) ( (1),  ) ((1),  ) (( 1),  ) (Y1,  ) (Y2,  ) (Y3,  ) G1(h) H1(h)
 (q2   1)       2      1 1
 0 0 2
p
 3  2
p
 3 0 
p
 3  
p
 3 0 0
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deduce that the elements (t)J (t 6= 0) are conjugate to (1)J . Using Method 3.1, we
prove:
Lemma 5.1. Let g be in fh0, Jh0g. The elements (( k)g,  ) and ((1)J k g,  )
are conjugate in ˜G, where  is a generator of Fq .
We deduce the distribution of the classes of C
˜G(h0,  ) in ˜G and the induction
formula (given in Table 8).
Proposition 5.6. Let  2 Irr(Sa+b,3a+b) be non-trivial. Let 0 be the character of
h(h0,  )i such that 0(h0,  ) =
p
 1. Then
˜
2 = 
 
Ind ˜GC
˜G(h0, ) 
0

is an extension of 2.
Proof. We have 0(J ) =  1 and 0(Jh0,  ) =  
p
 1. By using Table 8, we in-
duce to ˜G the character 0, which has values zero except on the classes (h0,  ) and
( 1h0,  ). We set 0 = Ind 0. We have
0(h0,  ) =  0( 1h0,  ) =
p
 1
 
X
t square
((t)) 
X
t not square
((t))
!
.
Table 8. Induction formula of C
˜G(h0,  ) to ˜G
x Ind ˜GC
˜G(h0, ) '(x)
1
q5(q6   1)(q2   1)
2
(1) q3
X
t 6= 0
((t))
J
q3(q2   1)2
2

0(J )
(1)J q
X
t 6= 0
((t))0(J )
(h0,  ) q(q
2
  1)
2
(0(h0,  ) + 0(h0 J ,  )
((1)h0,  )
X
t square
((t))0(h0,  ) +
X
t not square
((t))0(h0 J ,  )
((1)h0 J ,  )
X
t square
((t))0(Jh0,  ) +
X
t not square
((t))0(h0,  )
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Using the known formulas for Gauss sums, we obtain that
X
t square
((t)) 
X
t not square
((t)) = 
p
 3.
Moreover, we have
h0, 0i = 1 and


Res ˜GG2(q) 0, 2

G2(q) =
1
4
(q4 + q3 + q   3).
To determine the parity of the integer (1=4)(q4 + q3 + q   3), it is sufficient to see that
the numerator is divisible by 8. However, q  3 mod 8. Then (q4 + q3 + q   3)  4
mod 8, and


Res ˜GG2(q) 0, 2

G2(q) is odd. By Proposition 3.3, we obtain that (0) is an
irreducible extension of 2. Since the value on (1,  ) is zero, we can fix the notation
such that
˜
2 = (0).
5.4. Modular methods. We recall the definition of p-blocks and their orthog-
onality relation. For more details, we refer to [11] or [12]. Let G be a finite group
and R  C the ring of algebraic integers of C. Let p be a prime number. We define
an equivalence relation on Irr(G) by
(10) 1  2 () jCj1(C)
1(1)

jCj2(C)
2(1)
mod pR,
for all p-regular classes C of G. The equivalence classes are called the p-blocks of
G. The p-block containing the trivial character is called the principal p-block of G
and is denoted by B0(G).
An element g in G is called p-singular if its order is divisible by p. Let B be a
p-block of G, x a p-singular element and y a p-regular element. Then, we have
(11)
X
2B
(x)(y) = 0.
To finish, let  be in Irr(G). Since jGj=(1) is an integer, we define the defect
d() of  by the p-adic valuation of jGj=(1). Let B be a p-block of G, then we
define the defect of B by d(B) = maxfd() j  2 Bg. We have a characterization of
the p-blocks with defect 0: a p-block B has defect 0 if and only if its cardinal is 1,
that is there exists  2 Irr(G) such that B = fg. Moreover, an irreducible character 
is in a p-block with defect 0 if and only if it vanishes on the p-singular elements.
5.4.1. Extension of 1 and 10. In 5.2, we have seen that the character  is an
extension of 1 or 10 (and  is the extension for the other one).
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Proposition 5.7. The character  (resp.  ) is ˜1 (resp. ˜10).
Proof. The degree of 1 (resp. 10) is (1=6)q(q + 1)2(q2 + q + 1) (resp. (1=6)q(q  
1)2(q2   q + 1)). For every n  0, we have q2   q + 1 > 1. Fix p a prime divisor of
(q2   q + 1). Since (q2   q + 1) and 2q6(q2   1)(q3   1)(q + 1) are coprime, it follows
that 10 belongs to a p-block of defect 0 and 1 lies in a p-block of maximal defect.
By using the characterization of the p-blocks with defect zero, we conclude that the
extension of 10 is  and that of 1 is  .
5.4.2. Extension of 11. We must compute the extensions of the (1=6)(q   3) -
stable characters of degree (q 1)2(q2 q +1)(q3 1) and of 11. The strategy to obtain
the extension of 11 is to find a prime number p, such that the extension of 11 is the
only unknown character in his p-block. Thus, by using the orthogonality relation (11)
we determine the values of the extension. We have q2 q + 1 = (q 3 + 1)(q + 3 + 1),
with q   3 + 1 and q + 3 + 1 relative prime. By using relation (10), we show:
Proposition 5.8. Let p be a prime number dividing q2   q + 1.
• If q 3 +1 = pd with  prime to p, there exists an extension  0 of 11 such that
B0 ˜G =

1,  0, ˜1, " ˜5, " ˜12( 1), " ˜12(1), "˜a,k
	
.
• If q + 3 + 1 = pd with  prime to p, there exists an extension  0 of 11 such that
B0 ˜G =

1,  0, " ˜1, " ˜5, ˜12(1), ˜12( 1), "˜ababa,k
	
.
We fix p a prime divisor of q + 3 + 1, and we denote by  the extension of 11
contained in the principal p-block of ˜G.
Proposition 5.9. The values of  on the outer classes are:
(1,  ) ( (1),  ) (h0,  ) ((1)h0,  ) ((1)h0 J ,  ) (haba,  ) (ha ,  ) (hababa ,  )
 q(1  q) q q   1  1  1  2 1 1
Proof. To determine the values of  , we use the orthogonality relation of the
principal p-block of ˜G. Let x be an element of a  -stable class E6(i) (see Table 14)
of G2(q) whose order is not prime to p. We have
1(x) =  1, 5(x) = 1, 11(x) = 1, 12( 1) =  1, 12(1) = 1.
Applying the relation (11) with the p-regular element xa(1)xb(1). We compute:
X
k
ababa,k (x) =  1.
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Since the class of x in G2(q) is  -stable, it follows that the extension to ˜G of the
character  of G2(q) and  have the same values on x . Let y be an outer element
that does not belong to the class H1(h) (h 2 Lababa). Thus, y is p-regular. If we
set y =  (y) and apply the relation (11) in the principal p-block, we obtain a linear
equation with one variable y which is easy to solve. We compute:


= q(1  q), ( (1), ) = q, (h0, ) = q   1, ((1)h0, ) = ((1)h0 J , ) =  1,
(haba, ) =  2, (ha , ) = 1,
and
((1), ) = (( 1), ) = (Y1, ) = (Y2, ) = (Y3, ) = (h1, ) = 0.
Now, we must determine the values on the class H1(h).
Suppose q > 3. Then q   3 + 1 > 1. Let p0 be a prime divisor of this number.
By Proposition 5.8, the principal p0-block of ˜G contains an extension  0 of 11. By
using relation (11) in the principal p0-block, we obtain that the value of  0 on (1,  )
is q(1 q). This proves that  =  0. However, the elements in the classes H1(h) (h 2
Lababa) are p0-regular and relation (11) shows that  (H1(h)) = 1, for all h 2 Lababa .
In the case where q = 3, there is only one class H1(h). The scalar product relation
shows that the value of  on this class is 1.
5.5. Induced characters of H0 Ì h i. The maximal  -stable torus H 0 of order
(q +1)2 is described in §4.2. We will induce the irreducible characters of ˜H 0 = H 0Ì h i
to ˜G. We recall that
H 0 = h i  h 0i  hga+bi  hg3a+bi,
with  and  0 of order 4 and ga+b and g3a+b of order (q + 1)=4. We know how 
is acting on H 0. Precisely, we recall that  ( ) = J ,  ( 0) = J 2 0,  (ga+b) = g3a+b.
Moreover, we have  02 = J .
The group H 0 is abelian and has (q +1)  -stable classes. We deduce from Proposi-
tion 3.1 that ˜H 0 has (q + 1) outer classes with system of representatives (h,  ), (h ,  ),
(h 0,  ) and (h 0,  ), where h 2 H 0

. The centralizer of these elements in ˜G has order
2(q + 1). The irreducible characters of H 0 are described by
k1,k2,k3,k4 ( i1 0i2 gi3a+bgi43a+b) =  ((q+1)=4)(i1k1+i2k2)+4(i3k3+i4k4)0 ,
where k1, k2 2 Z=4Z and k3, k4 2 Z=(1=4)(q + 1)Z. The  -stable characters of H 0 are:
k1,k2,k3 = 2k1,2k2,k3,k3 ,
where k1, k2 belong to f0, 1g. The  -stable element of H 0 are:

2i1 J i2 (ga+bg3a+b)i3 .
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Proposition 5.10. Let h be in Laba , we have:
Cl(1,  ) \ ˜H 0 = Cl(1,  ),
Cl(h0,  ) \ ˜H 0 = Cl( ,  ) [ Cl( 0,  ) [ Cl( 0,  ),
Cl(h,  ) \ ˜H 0 = Cl(h1,  ) [ Cl(h(3n+1+1)=2,  ) [ Cl(h(3n+1 1)=2,  ),
Cl(h ,  ) \ ˜H 0 = Cl(h1 ,  ) [ Cl(h(3n+1+1)=2 0,  ) [ Cl(h(3n+1 1)=2 0,  ),
Cl(h 0,  ) \ ˜H 0 = Cl(h1 0,  ) [ Cl(h(3n+1+1)=2 ,  ) [ Cl(h(3n+1 1)=2 0,  ),
Cl(h 0,  ) \ ˜H 0 = Cl(h1 0,  ) [ Cl(h(3n+1+1)=2 0,  ) [ Cl(h(3n+1 1)=2 ,  ).
Proof. To determine the distribution of the classes of ˜H 0 in ˜G, we use Lemma 3.1.
The subgroup H 0

which consists of  -stable elements of H 0 with odd order is conju-
gate in G to:
fh(z2, z (3n+1+1), z(3n+1 1)) j z(q+1)=2 = 1g.
Let x 2 H 0

be a non trivial element. Then x is conjugate in G to h z20, z (3
n+1+1)
0 , z
(3n+1 1)
0

for some z0 2 F3 such that z(q+1)=20 = 1. The elements of H 0 that are conjugate in G2(q)
to x are exactly the elements of H 0

that are conjugate in G to one of the 6 elements:
h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0

, h
 
z (3
n+1+1)
0 , z
(3n+1 1)
0 , z
2
0

,
h
 
z(3
n+1
 1)
0 , z
2
0, z
 (3n+1+1)
0

, h
 
z 20 , z
(3n+1+1)
0 , z
 (3n+1 1)
0

,
h
 
z(3
n+1+1)
0 , z
 (3n+1 1)
0 , z
 2
0

and h
 
z (3
n+1
 1)
0 , z
 2
0 , z
(3n+1+1)
0

.
We remark that
h
 
z (3
n+1+1)
0 , z
(3n+1 1)
0 , z
2
0

= h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0

 (3n+1+1)=2
,
h
 
z(3
n+1
 1)
0 , z
2
0, z
 (3n+1+1)
0

= h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0
(3n+1 1)=2
,
h
 
z 20 , z
(3n+1+1)
0 , z
 (3n+1 1)
0

= h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0

 1
,
h
 
z(3
n+1+1)
0 , z
 (3n+1 1)
0 , z
 2
0

= h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0
(3n+1+1)=2
,
h
 
z (3
n+1
 1)
0 , z
 2
0 , z
(3n+1+1)
0

= h
 
z20, z
 (3n+1+1)
0 , z
(3n+1 1)
0

 (3n+1 1)=2
.
We deduce that the elements of H 0

conjugate in G2(q) to (ga+bg3a+b)i are:
(ga+bg3a+b)i , (ga+bg3a+b)(3n+1+1)i=2, (ga+bg3a+b)(3n+1 1)i=2.
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This is due to the fact that if two elements x0 and y0 are conjugate, then x i0 is con-
jugate to yi0. In [15], it is proven that there exists an element t0 in R(q) with order 3
such that
t 10 (ga+bg3a+b)i t0 = (ga+bg3a+b) (3
n+1+1)i=2 and t 10 J t0 = 
2
.
It follows that
t 20 (ga+bg3a+b)i t20 = (ga+bg3a+b)(3
n+1
 1)i=2 and t 20 J t
2
0 = J
2
.
We set s0 = h0 2 R(q). We then have
s0(ga+bg3a+b)i s 10 = (ga+bg3a+b) i .
To know the distribution of (hx ,  ), where x 2 f1,  ,  0,  0g, we must determine
the 2-unipotent classes in C
˜G(h) = ˜H 0 of t0(x ,  )t 10 and s0(x ,  )s 10 . We have s0 s 10 =

3
, s0
0s 10 = 
03
. This shows that s0(x ,  )s 10 is conjugate to (x ,  ) in ˜H 0. Since
t0 2 R(q), we have t0(x ,  )t 10 = (t0xt 10 ,  ). We denote by P = h ,  0i a 2-Sylow of
H 0. We have t0 t 10 2 P and t0 0t
 1
0 2 P . Indeed,
t0(ga+bg3a+b) (3n+1+1)i=2 t 10 = (ga+bg3a+b)i t0 t 10
is a 2-decomposition of Jordan. Since CG2(q)((ga+bg3a+b)i ) = H 0

, it follows that t0 t 10 2
H 0. Moreover the order of t0 t 10 is a power of 2. Since H 0 has a unique 2-Sylow
(because H 0 is abelian), we deduce t0 t 10 2 P . Similarly, t0 0t 10 2 P . However 
and  0 generate P . Thus t0 is acting by conjugation on P . Now, we show that:
t0f , J ,  3, J 3gt 10 = f
0
, J 0, J 0 2,  0 2g,
t0f
0
, J 0, J 0 2,  0 2gt 10 = f
0
, J 0 3,  0 3, J 0g,
t0f
0
, J 0 3,  0 3, J 0gt 10 = f , J , 
3
, J 3g.
Indeed, since t0 acts on P by conjugation, it follows that t0 acts on the cyclic sub-
groups with order 4 of P . The group P has 6 cyclic subgroup with order 4. Each
subgroup has a unique element of order 2. Precisely, we have:
4-cyclic subgroup element of order 2
h i, hJ i   2
h
0
i, hJ 0i  J
h
0
i, hJ 0i  J 2
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Since t0 2t 10 = J , t0 J t
 1
0 = J 2 and t0 J 2t
 1
0 = 
2 and the order is preserved by con-
jugacy, we also obtain the result. We recall that the  -classes of P are
f1, J ,  2, J , J 2g,
f , J ,  3, J 3g,
f
0
, J 0, J 0 2,  0 2g,
f
0
, J 0 3,  0 3, J 0g.
Then, we conclude that (t0 t 10 ,  ) (resp. (t0 0t 10 ,  ) and (t0 0t 10 ,  )) is conjugate in
˜H 0 to ( 0,  ) (resp. ( 0,  ) and ( ,  )). Finally, we deduce that:
conjugate to
(h (3n+1+1)=2,  ) (h,  )
(h (3n+1+1)=2 ,  ) (h 0,  )
(h (3n+1+1)=2 0,  ) (h 0,  )
(h (3n+1+1)=2 0,  ) (h ,  )
(h(3n+1 1)=2,  ) (h,  )
(h(3n+1 1)=2 ,  ) (h 0,  )
(h(3n+1 1)=2 0,  ) (h ,  )
(h(3n+1 1)=2 0,  ) (h 0,  )
This completes the proof.
We immediately deduce the induction formula, given in Table 9. By Lemma 3.5,
we construct the outer characters of ˜H 0. Let k1,k2,k3 be a  -stable character of H 0.
To simplify, we again denote Ind ˜G
˜H 0
 
˜
k1,k2,k3

by k1,k2,k3 the induction from ˜H 0 to ˜G of
Table 9. Induction from ˜H 0 to ˜G
x Ind ˜G
˜H 0 (x)
(1,  ) q3(q   1)(q2   q + 1)(1,  )
(h0,  ) q(q   1)(( ,  ) + ( 0,  ) + ( 0,  ))
(h,  ) (h1,  ) + (h(3n+1+1)=2,  ) + (h(3n+1 1)=2,  )
(h ,  ) (h1 ,  ) + (h(3n+1+1)=2 0,  ) + (h(3n+1 1)=2 0,  )
(h 0,  ) (h1 0,  ) + (h(3n+1+1)=2 ,  ) + (h(3n+1 1)=2 0,  )
(h 0,  ) (h1 0,  ) + (h(3n+1+1)=2 0,  ) + (h(3n+1 1)=2 ,  )
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˜
k1,k2,k3 . We remark that 1,0,0 = 0,1,0 = 1,1,0 and we set
 0 = 0,0,0 and  1 = 1,0,0.
We set:
'0,0,k =  0 + "0,0,k ,
'1,0,k =  1 + "1,0,k ,
'0,1,k =  1 + "0,1,k ,
'1,1,k =  1 + "1,1,k .
There are (1=24)(q 3) distinct characters in each family. Moreover, the characters
'0,0,k have  -norm 7 and '1,0,k , '0,1,k are '1,1,k have  -norm 3.
THE CASE OF '0,0,k : we show that
h'0,0,k , 1 ˜Gi = 1, h'0,0,k , ˜5i =  1, h'0,0,k , ˜11i = 2,
and the other outer scalar products are zero. The class function '0,0,k  1 ˜G  " ˜5 2˜11
is a character and:
h('0,0,k   1 ˜G   " ˜5   2˜11), ('0,0,k   1 ˜G   " ˜5   2˜11)i = 1.
It follows from Proposition 3.3 that ('0,0,k 1 ˜G " ˜5 2˜11) is an irreducible character.
THE CASE OF '1,0,k , '0,1,k , AND '1,1,k : let , 0 2 f0, 1g be such that  6= 0 or

0
6= 0. We have
h'
,
0
,k , ˜6i = 1 and h',0,k , ˜7i =  1.
The class function '
,
0
,k   ˜6   " ˜7 is a character and
h('
,
0
,k   ˜6   " ˜7), (',0,k   ˜6   " ˜7)i = 1.
Then ('
,
0
,k   ˜6   " ˜7) is an irreducible character by Proposition 3.3.
The irreducible characters obtained are distinct. We obtain (1=6)(q   3) new outer
irreducible characters of ˜G. We set
(12)
aba,0,0(k) = Res ˜GG2(q) ('0,0,k   1 ˜G   " ˜5   2˜11),
aba,1,0(k) = Res ˜GG2(q) ('1,0,k   ˜6   " ˜7),
aba,0,1(k) = Res ˜GG2(q) ('0,1,k   ˜6   " ˜7),
aba,1,1(k) = Res ˜GG2(q) ('1,1,k   ˜6   " ˜7).
These characters are the (1=6)(q   3) irreducible  -stable characters of G2(q) with
degree (q   1)(q2   q + 1)(q3   1).
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5.6. Character Table of ˜G. Let 0 (resp. 0 and 0) be a (q   1)-th (resp. (q +
1)-th and (q2 q +1)-th) primitive complex root of 1. We give in Table 10 the notations
and the values of the outer characters of ˜G on the outer classes in Table 11.
6. Perfect isometry
First, we recall generalities: let G and H be finite groups and (K, O, p) be a
p-modular system large enough for both G and H . Let  in Z Irr(G  H ). We define
I

: Z Irr(H ) ! Z Irr(G) by
8 2 Z Irr(H ), g 2 G, I

( )(g) = 1
jH j
X
h2H
(g, h 1) (h).
Its adjoint relative to the usual scalar products on G and H is R

: Z Irr(G) ! Z Irr(H )
such that
8 2 Z Irr(G), h 2 H , R

()(h) = 1
jGj
X
g2G
(g 1, h)(g).
The virtual character  of G  H is called perfect if
• For all g 2 G and h 2 H , we have (g, h)=jCG (g)j 2 O and (g, h)=jCG (g)j 2 O.
• If (g, h) 6= 0, g has order prime to p if and only if h has order prime to p.
Let e (resp. f ) be a central idempotent of OG (resp. OH ) and A = OGe (resp. B =
OH f ) a block of G (resp. of H ). The blocks A and B are said to be perfectly iso-
metric if there exists a perfect character  of Z Irr(G  H ) such that I

induces by
restriction a bijective isometry between Z Irr(K B) and Z Irr(K A).
Table 10. Notations
i = 
4.3n+1i
0 + 
 4.3n+1i
0 ,
3 = 
(q+3+1)2
0 ,
4 = 
(q 3+1)2
0 ,
Æi = 
i
3 + 
 i
3 + 
qi
3 + 
 qi
3 + 
q2i
3 + 
 q2i
3 ,
Æ
0
i = 
i
4 + 
 i
4 + 
qi
4 + 
 qi
4 + 
q2i
4 + 
 q2i
4 ,
i ,0 = 
8i
0 + 
 8i
0 + 
4(3n+1+1)i
0 + 
 4(3n+1+1)i
0 + 
4(3n+1 1)i
0 + 
 4(3n+1 1)i
0 ,
i ,1 = 
8i
0 + 
 8i
0   
4(3n+1+1)i
0   
 4(3n+1+1)i
0   
4(3n+1 1)i
0   
 4(3n+1 1)i
0 ,
i ,2 =  
8i
0   
 8i
0 + 
4(3n+1+1)i
0 + 
 4(3n+1+1)i
0   
4(3n+1 1)i
0   
 4(3n+1 1)i
0 ,
i ,3 =  
8i
0   
 8i
0   
4(3n+1+1)i
0   
 4(3n+1+1)i
0 + 
4(3n+1 1)i
0 + 
 4(3n+1 1)i
0 .
O
N
A
C
Y
C
L
IC
E
X
T
E
N
SIO
N
O
F
G
2 (3 2
n
+1)
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Table 11. (Continued) Outer characters of G2(q) Ì h i
(1,  ) (X ,  ) (T ,  ) (T 1,  ) (Y1,  ) (Y2,  ) (Y3,  ) (h0,  ) (h0,  ) ( 1h0,  )
˜
1  (q2   1)       2     0 0 0
˜
2 0 0 0 0 0 0 0 0
pq  pq
˜
5 q3 0 0 0 0 0 0 q 0 0
˜
6 q2   q + 1 1  q 1 1 1 1 1  1  1  1
˜
7 q(q2   q + 1) q 0 0 0 0 0  q 0 0
˜
10 0 0 2
p
 3  2
p
 3 0 
p
 3  
p
 3 0 0 0
˜
11 q(q   1)  q 0 0 0 0 0 1  q 1 1
˜
12(1)  (q2   1)     + 2
p
 3     2
p
 3  
 + 
p
 3
2
   
p
 3
2
0 0 0
˜
12( 1)  (q2   1)       2
p
 3   + 2
p
 3  
   
p
 3
2
 + 
p
 3
2
0 0 0
˜1(k) q3 + 1 1 1 1 1 1 1 ( 1)k (q + 1) ( 1)k ( 1)k
˜aba,0,0(k) (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 3(q   1)  3  3
˜aba,1,0(k) (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q 1 1
˜aba,0,1(k) (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q 1 1
˜aba,1,1(k) (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q 1 1
˜a(k) (q2   1)(q + 3 + 1)  q   1  3  3   1  3   1  1  1  1 0 0 0
˜ababa (k) (q2   1)(q   3 + 1)  q   1 + 3 3   1 3   1  1  1  1 0 0 0
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Table 11. Outer characters of G2(q) Ì h i
(h1,  ) (h1 J ,  ) (haba ,  ) (haba ,  ) (haba 0,  ) (haba 0,  ) (ha ,  ) (hababa ,  )
˜
1 0 0 0 0 0 0  1 1
˜
2 0 0 0 0 0 0 0 0
˜
5 1 1  1  1  1  1  1  1
˜
6 1  1 3  1  1  1 0 0
˜
7 1  1  3 1 1 1 0 0
˜
10 0 0 0 0 0 0 0 0
˜
11 0 0 2 2 2 2  1  1
˜
12(1) 0 0 0 0 0 0  1 1
˜
12( 1) 0 0 0 0 0 0  1 1
˜1(k) ik ( 1)kik 0 0 0 0 0 0
˜aba,0,0(k) 0 0  k j ,0  k j ,0  k j ,0  k j ,0 0 0
˜aba,1,0(k) 0 0  k j ,0  k j ,3  k j ,1  k j ,2 0 0
˜aba,0,1(k) 0 0  k j ,0  k j ,1  k j ,2  k j ,3 0 0
˜aba,1,1(k) 0 0  k j ,0  k j ,2  k j ,3  k j ,1 0 0
˜a(k) 0 0 0 0 0 0  Æk j 0
˜ababa(k) 0 0 0 0 0 0 0  Æ0k j
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For generalities on perfect isometries, we refer to [1]. We recall two results used
to establish a perfect isometry between the principal blocks of R(q) and ˜G. The proofs
are in [1]:
Proposition 6.1. Any homomorphism J : Z Irr(H ) ! Z Irr(G) is of the form I

,
where  is a virtual character of G  H .
We recall that CK(G, e) is the K-vector space of class functions  : G ! K such
that for every g 2 G, (eg) = (g), and CK(G, e, p) is the subspace of class functions
which vanish on p-singular elements of G. We define in the same way CO(G, e) and
CO(H , e, p). We have:
Proposition 6.2. The character  is perfect if and only if
1. I

maps CO(H , f ) into CO(G, e) and R maps CO(G, e) into CO(H , f ).
2. I

maps CK(H , f , p) into CK(G, e, p) and R maps CK(G, e, p) into CK(H , f , p).
Now, we will establish a perfect isometry between the principal p-blocks of the
Ree group and ˜G. Since a perfect isometry preserves the order of defect groups, we
only consider the prime divisors p of j ˜Gj such that p is prime to the index of R(q) in
˜G (that is, p is a prime divisor of q2   q + 1). We can now prove Theorem 1.2:
Proof of Theorem 1.2. We prove the result only in the case where p is a prime
divisor of (q   3 + 1). The other case is similar. The principal p-block of B0( ˜G)
is given in Propositions 5.8 and 5.9. By using relation (10), we obtain the principal
p-block of R(q). In the following, we put A0 = B0(R(q)) = OR(q)e0 and B0 = B0( ˜G) =
O ˜G f0. We define I and R as in the statement of Theorem 1.2. Since I is a homo-
morphism between Z Irr(R(q)) and Z Irr( ˜G), it follows by Proposition 6.1 that I has
the form I

, where  is virtual character of ˜GR(q). To prove that  is perfect, we
use Proposition 6.2.
(1) Let C be a class of R(q) (resp. ˜G). We associate the map C (resp. C ) in
CO(R(q), e0) (resp. CO( ˜G, f0)) defined by C (h) = 1Ce0 (he0) (resp. C (g) = 1C f0 (g f0)).
We define on Cl(R(q)) (resp. ˜G) an equivalence relation by C1 being in relation with
C2 if C1 = C2 (resp. C1 = C2 ). Let X (resp. Y ) the set of classes for this relation.
The family fC gC2X (resp. C2Y ) is a O-basis of CO(R(q), e0) (resp. CO( ˜G, f0)). Let
Irr(A0) (resp. Irr(B0)) be the set of irreducible characters in A0 (resp. B0), which is a
K -basis of CK (R(q), e0) (resp. CK ( ˜G, f0)). We decompose C in the K -basis Irr(A0).
We obtain
C =
jCj
jR(q)j
X
2Irr(A0)
(C).
We now prove that I

(C ) has values in O.
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If pd divides jCj, since the irreducible characters of R(q) and ˜G have values in
O, it follows that I

(C ) 2 CO( ˜G, f0).
Suppose pd does not divide jCj (that is p does not divide jCj). We will show
that
P
2Irr(A0) (C)I() has values in Z, and is divisible by pd . Let Æ1 be a pd -th
root of 1. Let Ed be the non-zero classes of Z=pdZ for the relation  defined as in
Theorem 1.2. We set Æi = Æi1 + Æ
 i
1 + Æ
iq
1 + Æ
 iq
1 + Æ
iq2
1 + Æ
 iq2
1 . We remark that
(13)
X
i2Ed
Æi =  1 and
X
i , j2Ed
ÆiÆ j =

 6 if i 6= j
qd   6 if i = j .
By reducing modulo p the values of the characters of Irr(A0) on the classes C (where
jCj prime to p) in Table 15, and by using relation (13), it is sufficient to show that
the map
 a = 1 + " ˜5   ˜1 + " ˜11 + " ˜12( 1) + " ˜12(1) + 6
X
k2<0
"˜a(k),
has integer values that are divisible by pd . This can be checked without difficulty by
using the character table of ˜G (see Table 11) and we have
I (CO(R(q), e0))  CO( ˜G, f0).
By using relation (13) and Table 12, it is sufficient to prove that the map
9a = 1  3   5   7   9   10   6
X
k2<0

 
k
has integer values divisible by pd . We verify this with the table of R(q) in Table 15.
We have proved
R
 
CO
 
˜G, f0

 CO(R(q), e0).
Table 12. Values modulo pd of Irr(B0)
1 E6(i) (1,  ) G1(h)
1 1 1 1 1
"
˜
1  1  1  1  1
"
˜
5 1 1 1 1
˜
11 1 1 1 1
˜
12(1) 1 1 1 1
"˜a(k) 6 Æi1 + Æiq1 + Æiq
2
1 6 Æ
i
1 + Æ
iq
1 + Æ
iq2
1
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(2) Recall that if G is a finite group and  a class function of G, we denote by ˆ the
restriction of  to the p-regular values of G. If A is a p-block, we denote by bIrrp(A)
the set of ˆ , where  belongs to A. The set bIrrp(A) generates CK(G, e0, p).
In our problem, we see that it is sufficient to prove that
I

 
bIrr(A0)

 CK( ˜G, f0, p) and R
 
bIrr(B0)

 CK(R(q), e0, p).
Let  2 Irr(A0). Since ˆ belongs to the K-space with K-basis Irr(A0), we have
ˆ
 =
X
2Irr(A0)
a

.
Let g be a p-singular element of ˜G. Thus it belongs to either the class E6(i) (see
the beginning of §4.4) or to G1(h), where h 2 La (see Table 2).
First suppose that g is in E6(i), then there exists a pd -th complex root of 1 and
1 a p-singular element of R(q) such that
a()(g) = Æ11 + Æq1 + Æq
2
1 =  
 

(1).
It follows that
8k, a(k)(g) = Æk1 + Æqk1 + Æq
2k
1 =  
 
k(1).
Moreover, we have
1
˜G(g) = 1R(q)(1), ˜5"(g) =  3(1), ˜1 = 5(1)
and
˜
11" =  7(1), ˜12( 1)" =  9(1), ˜12(1)" =  10(1).
Thus, we deduce that for every  2 Irr(A0), we have I()(g) = (1). It follows that
I

( ˆ )(g) =
X
2Irr(A0)
a

(1) = ˆ (1) = 0.
Suppose g 2 G1(h) for some p-singular element h in La , then
I

( ˆ )(g) =
X
2Irr(A0)
a

I

()(g) = ˆ (h) = 0.
Thus, 8 2 Irr(A0), we have I( ˆ ) 2 CK( ˜G, f0, p). We proceed similarly to show that
R

 
bIrr(B0)

 CK(R(q), e0, p). We have shown:
I

(CK(R(q), e0, p))  CK( ˜G, f0, p),
R

(CK( ˜G, f0, p))  CK(R(q), e0, p).
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It follows that  is a perfect character and the result is proven.
7. Appendix
7.1. The Group G2(F32n+1 ). Let n 2 N. We set q = 32n+1. Conjugacy classes
and character Table of G2(q) are described in [8]. Let E = ft3   t j t 2 Fqg and E
be the canonical map from Fq to Fq=E . We denote by  2 Fq an element such that
E ( ) = 1. Let  (resp. 0) be a primitive (q6   1)-th root of unity in Fq (resp. in C).
Let ! be a cubic complex root. We set:
˜ = 
(q+1)(q3 1)
,
˜ = 
(q 1)(q3+1)
,
˜
 = 
q4+q2+1
,
˜ = ˜
q 1
,
˜ = ˜
q+1
.
We denote by 

the isomorphism between hi and h0i such that 0 =  (). For
every  2 hi, we set
0 =  ( ).
Proposition 7.1. In Table 13, we give the conjugacy classes of G2(q). We write
i = 
i
0 + 
 i
0 and i = 
i
0 + 
 i
0 .
Moreover, we set
i , j ,k,l = ik+ jl + il+ jk + i (k l)  jl + il  j (k l) + i (k l)+ jk + ik+ j (k l),
i , j ,k,l = ik+ jl + il+ jk + i (k l)  jlil  j (k l) + i (k l)+ jl + ik+ j (k l),
i = 
i
0 + 
 i
0 + 
iq
0 + 
 iq
0 + 
iq2
0 + 
 iq2
0 ,

0
i , j ,k,l = i (k+l) + i (k 2l) + i (l 2k),

00
i ,k,l = ik + il + i (k l),

0
i ,k,l = i (k+l) + i (k 2l) + i (l 2k),

00
i , j ,k,l = (ik + il + i (k l)),
k,l = ( 1)k + ( 1)l + ( 1)k+l .
We give the values of Irr(G) that are interessting for us in this work in Table 14.
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Table 13. Conjugacy classes of G2(q)
Notation Representative Number Order of Centralizer
A1 h(1, 1, 1) 1 q6(q2   1)(q6   1)
A2 x3a+2b(1) 1 q6(q2   1)
A31 x2a+b(1) 1 q6(q2   1)
A32 x2a+b(1)x3a+2b(1) 1 q6
A41 xa+b(1)x3a+b( 1) 1 2q4
A42 xa+b(1)x3a+b(1) 1 2q4
A51 xa(1)xb(1) 1 3q2
A52 xa(1)xb(1)x3a+b( ) 1 3q2
A53 xa(1)xb(1)x3a+b(  ) 1 3q2
B1 h(1,  1,  1) 1 q2(q2   1)2
B2 h(1,  1,  1)x3a+b(1) 1 q2(q2   1)
B3 h(1,  1,  1)xa+b(1) 1 q2(q2   1)
B4 h(1,  1,  1)xa+b(1)x3a+b( 1) 1 2q2
B5 h(1,  1,  1)xa+b(1)x3a+b(1) 1 2q2
C11(i) h˜ (i ,  2i , i) 12 (q   3) q(q   1)(q
2
  1)
C12(i) h˜ (i ,  2i , i)x3a+2b(1) 12(q   3) q(q   1)
C21(i) h˜ (i ,  i , 0) 12 (q   3) q(q   1)(q
2
  1)
C22(i) h˜ (i ,  i , 0)x2a+b(1) 12(q   3) q(q   1)
D11(i) h˜(i ,  2i , i) 12 (q   1) q(q + 1)(q
2
  1)
D12(i) h˜(i ,  2i , i)x3a+2b(1) 12(q   1) q(q + 1)
D21(i) h˜(i ,  i , 0) 12 (q   1) q(q + 1)(q
2
  1)
D22(i) h˜(i ,  i , 0)x2a+b(1) 12(q   1) q(q + 1)
E1(i , j) h˜ (i , j ,  i   j) 112(q   3)(q   5) (q   1)
2
E2(i , j) h ˜

(i , (q   1)i ,  qi) 1
4
(q   1)2 q2   1
E3(i) h ˜

(i , q j ,  (q + 1)i) 1
4
(q   1)2 q2   1
E4(i , j) h˜(i , j ,  i   j) 112(q   1)(q   3) (q + 1)
2
E5(i) h ˜ (i , qi , q2i) 16q(q + 1) q
2 + q + 1
E6(i) h˜ (i ,  qi , q2i) 16q(q   1) q
2
  q + 1
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A1 A2 A31 A32 A41 A42 A51 A52 A53
1
1
6 q(q + 1)2(q2 + q + 1) 16 q(q + 1)(2q + 1) 16 q(q + 1)(2q + 1) 16 q(3q + 1) 16 q(q + 1)   16 q(q   1) 23 q   13 q   13 q
2
1
2 q(q + 1)(q3 + 1) 12 q(q + 1) 12 q(q + 1) 12 q(q + 1)   12 q(q   1) 12 q(q + 1) 0 0 0
5 q6 0 0 0 0 0 0 0 0
6 q4 + q2 + 1 q2 + 1 q2 + 1 q2 + 1 1 1 1 1 1
7 q2(q4 + q2 + 1) q2 q2 q2 0 0 0 0 0
10
1
6 q(q   1)2(q2   q   1) 16 q(q   1)(2q   1) 16 q(q   1)(2q   1)   16 q(3q   1) 16 q(q + 1)   16 q(q   1) 23 q   13 q   13 q
11
1
2 q(q   1)(q3   1)   12 q(q   1)   12 q(q   1)   12 q(q   1)   12 q(q   1) 12 q(q + 1) 0 0 0
12(1) 13 q(q2   1)2   13 q(q2   1)   13 q(q2   1) 13 q 13 q(q + 1)   13 q(q   1) 13 q 13 q + q! 13 q + q! 1
12( 1) 13 q(q2   1)2   13 q(q2   1)   13 q(q2   1) 13 q 13 q(q + 1)   13 q(q   1) 13 q 13 q + q! 1 13 q + q!
9(k, l) (q + 1)(q2 + q + 1)(q3 + 1) (q + 1)(q2 + q + 1) (q + 1)(q2 + q + 1) 2q2 + 2q + 1 2q + 1 2q + 1 1 1 1
12(k, l) (q   1)(q2   q + 1)(q3   1)  (q   1)(q2   q + 1)  (q   1)(q2   q + 1) 2q2   2q + 1  (2q   1)  (2q   1) 1 1 1
14(k) (q + 1)(q2   1)(q3   1)  (q + 1)(q3   1)  (q + 1)(q3   1)  (q2   q + 1) q + 1 q + 1 1 1 1
B1 B2 B3 B4 B5 C11(i) C12(i) C21(i) C22(i)
1
1
2 (q + 1)2 12 (q + 1) 12 (q + 1) 12 (q + 1)   12 (q   1) q + 1 1 q + 1 1
2
1
2 (q + 1)2 12 (q + 1) 12 (q + 1)   12 (q   1) 12 (q + 1) q + 1 1 q + 1 1
5 q2 0 0 0 0 q 0 q 0
6 1  2q 1  q 1  q 1 1 1 + (q + 1)( 1)i 1 + ( 1)i 1 + (q + 1)( 1)i 1 + ( 1)i
7 q2   2q  q  q 0 0 q + (q + 1)( 1)i ( 1)i q + (q + 1)( 1)i ( 1)i
10  
1
3 (q   1)2 12 (q   1) 12 (q   1)   12 (q + 1) 12 (q   1) 0 0 0 0
11  
1
2 (q   1)2 12 (q   1) 12 (q   1) 12 (q   1)   12 (q + 1) 0 0 0 0
12(1) 0 0 0 0 0 0 0 0 0
12( 1) 0 0 0 0 0 0 0 0 0
9(k, l) (q + 1)2k,l (q + 1)k,l (q + 1)k,l k,l k,l (q + 1)0i ,k,l 0i ,k,l (q + 1)00i ,k,l 00i ,k,l
12(k, l) (q   1)2k,l  (q   1)k,l  (q   1)k,l k,l k,l 0 0 0 0
14(k) 0 0 0 0 0 0 0 0 0
O
N
A
C
Y
C
L
IC
E
X
T
E
N
SIO
N
O
F
G
2 (3 2
n
+1)
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Table 14. Character table of G2(q)
D11(i) D12(i) D21(i) D22(i) E1(i , j) E2(i) E3(i) E4(i , j) E5(i) E6(i)
1 0 0 0 0 2 0 0 0 0  1
2 0 0 0 0 2 0 0 0  1 0
5  q 0  q 0 1  1  1 1 1 1
6 1  (q   1)( 1)i 1 + ( 1)i 1  (q   1)( 1)i 1 + ( 1)i k,l ( 1)i ( 1)i k,l 0 0
7  q   (q   1)( 1)i ( 1)i  q   (q   1)( 1)i ( 1)i k,l  ( 1)i  ( 1)i k,l 0 0
10 q   1  1 q   1  1 0 0 0  2 1 0
11 q   1  1 q   1  1 0 0 0  2 0 1
12(1) 0 0 0 0 0 0 0 0  1 1
12( 1) 0 0 0 0 0 0 0 0  1 1
9(k, l) 0 0 0 0 i , j ,k,l 0 0 0 0 0
12(k, l)  (q   1) 0i ,k,l  0i ,k,l  (q   1) 00i ,k,l  00i ,k,l 0 0 0 i , j ,k,l 0 0
14(k) 0 0 0 0 0 0 0 0 0 i
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7.2. The Ree group of type G2. We set  = 3n . The Ree group R(q) is de-
scribed in [14] and its character table is computed in [15]. We recall that the conjugacy
classes of R(q) are given in Theorem 4.1 and that we have:
Proposition 7.2. Let x 2 f1, a, aba, ababag. We denote by hx representatives of
odd order elements of type wx . Let i =  4.3 i0 +  4.3 i0 and
Æi = 
i
3 +
 i
3 +
qi
3 +
 qi
3 +
q2i
3 +
 q2i
3 and Æ
0
i = 
i
4 +
 i
4 +
qi
4 +
 qi
4 +
q2i
4 +
 q2i
4 ,
with 3 =  (q+3+1)
2
0 and 4 = 
(q 3+1)2
0 . Finally, we set
i ,0 = 
8i
0 + 
 8i
0 + 
4(3+1)i
0 + 
 4(3+1)i
0 + 
4(3 1)i
0 + 
 4(3 1)i
0 ,
i ,1 = 
8i
0 + 
 8i
0   
4(3+1)i
0   
 4(3+1)i
0   
4(3 1)i
0   
 4(3 1)i
0 ,
i ,2 =  
8i
0   
 8i
0 + 
4(3+1)i
0 + 
 4(3+1)i
0   
4(3 1)i
0   
 4(3 1)i
0 ,
i ,3 =  
8i
0   
 8i
0   
4(3+1)i
0   
 4(3+1)i
0 + 
4(3 1)i
0 + 
 4(3 1)i
0 .
Then the character table of R(q) is given in Table 15.
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Table 15. Character table of R(q)
1 X T T 1 Y1 Y2 Y3 J
2 q2   q + 1 1  q 1 1 1 1 1  1
3 q3 0 0 0 0 0 0 q
4 q(q2   q + 1) q 0 0 0 0 0  q
5
1
2
(q   1)(q + 3 + 1)  1
2
(q +  ) 1
2
(  +  2
p
 3) 1
2
(     2
p
 3)  1
2
(    
p
 3) 1
2
(  + 
p
 3)  1
2
(q   1)
6
1
2
(q   1)(q   3 + 1) 1
2
(q    ) 1
2
(  +  2
p
 3) 1
2
(     2
p
 3)  1
2
(    
p
 3) 1
2
(  + 
p
 3) 1
2
(q   1)
7
1
2
(q   1)(q + 3 + 1)  1
2
(q +  ) 1
2
(     2
p
 3) 1
2
(  +  2
p
 3)  1
2
(  + 
p
 3) 1
2
(    
p
 3)  1
2
(q   1)
8
1
2
(q   1)(q   3 + 1) 1
2
(q    ) 1
2
(     2
p
 3) 1
2
(  +  2
p
 3)  1
2
(  + 
p
 3) 1
2
(    
p
 3) 1
2
(q   1)
9  (q2   1)     +  2
p
 3      2
p
 3  
1
2
(  + 
p
 3) 1
2
(    
p
 3) 0
10  (q2   1)        2
p
 3   +  2
p
 3  
1
2
(    
p
 3) 1
2
(  + 
p
 3) 0
r q3 + 1 1 1 1 1 1 1 (q + 1)

0
r q3 + 1 1 1 1 1 1 1  (q + 1)
t (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 3(q   1)

0
t ,1 (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q

0
t ,2 (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q

0
t ,3 (q   1)(q2   q + 1) 2q   1  1  1  1  1  1 1  q

 
k (q2   1)(q + 3 + 1)  q   1  3  3   1  3   1  1  1  1 0

+
k (q2   1)(q   3 + 1)  q   1 + 3 3   1 3   1  1  1  1 0
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Table 15. Character table of R(q)
J T J T 1 h1 h1 J haba haba 2 haba J haba J 2 ha hababa
2  1  1 1  1 1  1  1  1 0 0
3 0 0 1 1 3  1  1  1  1  1
4 0 0 1  1  3 1 1 1 0 0
5
1
2
(1  
p
 3) 1
2
(1 + 
p
 3) 0 0 1 1 1 1  1 0
6
1
2
( 1 + 
p
 3) 1
2
( 1  
p
 3) 0 0  1  1  1  1 0 1
7
1
2
(1 + 
p
 3) 1
2
(1  
p
 3) 0 0 1 1 1 1  1 0
8
1
2
( 1  
p
 3) 1
2
( 1 + 
p
 3) 0 0  1  1  1  1 0 1
9 0 0 0 0 0 0 0 0  1 1
10 0 0 0 0 0 0 0 0  1 1
r 1 1 ir ir 0 0 0 0 0 0

0
r  1  1 ir  ir 0 0 0 0 0 0
t  3  3 0 0  t j ,0  t j ,0  t j ,0  t j ,0 0 0

0
t ,1 1 1 0 0  t j ,0  t j ,3  t j ,1  t j ,2 0 0

0
t ,2 1 1 0 0  t j ,0  t j ,1  t j ,2  t j ,3 0 0

0
t ,3 1 1 0 0  t j ,0  t j ,2  t j ,3  t j ,1 0 0

 
k 0 0 0 0 0 0 0 0  Æk j 0

+
k 0 0 0 0 0 0 0 0 0  Æ0k j
ON A CYCLIC EXTENSION OF G2(32n+1) 1023
References
[1] M. Broué: Isométries parfaites, types de blocs, catégories dérivées, Astérisque 181–182 (1990),
61–92.
[2] O. Brunat: On the characters of the Suzuki group, C.R. Acad. Sci. Paris, Ser. I. 339 (2004),
95–98.
[3] R.W. Carter: Simple Groups of Lie Type, John Wiley & Sons, London, 1972.
[4] R.W. Carter: Finite Groups of Lie Type: Conjugacy Classes and Complex Characters, Wiley,
New York, 1985.
[5] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker and R.A. Wilson: Atlas of Finite Groups,
Oxford University Press, 1985.
[6] F. Digne et J. Michel: Fonctions L des Variétés de Deligne-Lusztig et Descente de Shintani,
Mém. Soc. Math. France (N.S.) 20, 1985.
[7] F. Digne et J. Michel: Groupes réductifs non connexes, Ann. Sci. École Norm. Sup. (4) 27
(1994), 345–406.
[8] H. Enomoto: The characters of the finite Chevalley group G2(q), q = 3 f , Japan. J. Math. (N.S.)
2 (1976), 191–248.
[9] W. Fulton and J. Harris: Representation Theory. A First Course, Graduate Texts in Math., 129,
Springer, 1991.
[10] M. Geck: An Introduction to Algebraic Geometry and Algebraic Groups, Clarendon Press,
Oxford, 2003.
[11] D.M. Goldschmidt: Lectures on character theory, Publish or Perish, 1980.
[12] I. Isaacs: Character Theory of Finite Groups, Dover Publications, Inc., New York, 1976.
[13] G. Malle: Generalized Deligne-Lusztig characters, J. Algebra 159 (1993), 64–97.
[14] R. Ree: A family of simple groups associated with the simple Lie algebra of type G2, Amer.
J. Math. 83 (1961), 432–462.
[15] H.N. Ward: On Ree’s series of simple groups, Trans. Amer. Math. Soc. 121 (1966), 62–89.
Institute Camille Jordan
Universite Claude Bernard Lyon 1
Bâtiment J. Braconnier
21 Avenue Claude Bernard
69622 Villeurbanne Cedex
France
e-mail: brunat@math.univ-lyon1.fr
